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Colloidal Superionics

Yange Lin （林雁戈）

This dissertation focuses on the study of the superionic state in multicomponent sys-

tems, where the smaller component exhibits delocalization and mobility while still main-

taining system compactness through component attractions. Superionic behavior is widely

observed in various systems and plays a crucial role in ceramic superionic conductors,

which offer high ion conductivities comparable to liquid electrolytes while ensuring en-

hanced safety. Consequently, comprehending the superionic state and effectively control-

ling the superionic transition hold both scientific and practical significance, particularly

in the development of solid-state batteries. Recent advancements have revealed superi-

onic behaviors in nanoparticle assemblies with asymmetric size, thereby expanding the

scope of nanoparticle engineering and proposing colloidal assemblies as potential models

for investigating the superionic state. This dissertation employs computer simulations

to explore the superionic state in a binary colloidal crystal formed by highly asymmetric

components in terms of size and charge. The research investigates the structural and

dynamic properties of the crystal concerning temperature variations, changes in solution
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concentration, and the application of an external electric field. These preliminary efforts

deepen our understanding of superionics and establish a theoretical framework for the

improved design of superionic conductors.
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: body-centered cubic

: coarse-grained

: counterion

: Debye-Hückel

: Derjaguin-Landau-Verwey-Overbeek

: deoxyribonucleic acid

: degrees of freedom

: entropy production

: face-centered cubic

: fluctuation-dissipation theorem

: free energy pertubation

: insulator-metal transition

: interstitial solid solution

: Large-scale Atomic/Molecular Massively Parallel Simulator

: molecular dynamics

: mean square displacement

: nonequilibrium steady state

: nearest-neighbor

: nanoparticles
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: constant (particle) number, constant pressure, and constant temperature

: constant (particle) number, constant pressure, and constant enthalpy

: constant (particle) number, constant volume, and constant temperature

: polymethylmethacrylate

: particle-particle particle-mesh

: solid electrolyte interfaces

: steady state

: small particle neutral cluster

: thermodynamic uncertainty relation

: ultra-coarse-grained

: Visual Molecular Dynamics

: Weeks-Chandler-Andersen

: Wigner-Seitz
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�: length unit

� : time unit

": energy unit

t: time

T : temperature

V : volume

P or p: pressure

m: mass

q: charge

aaa; bbb; andccc: primitive vectors of the crystal

a; b; and c: lattice constants of the crystal

NA: number of particles of type A

NB: number of particles of type B

Nl: number of large particles

Ns: number of small particles

R: radius of the particle

D: diffusion coefficient

h: Planck constant

�: thermal de Broglie wavelength
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kB: Boltzmann constant

Vc: unit cell volume

Tc: critical temperature

n: stoichiometry (number ratio) of small particles and large particles

�: screening constant in the Debey-Hückel potential

�0: vacuum permittivity, 8:854 � 10 12 CV 1m 1

�r: relative permittivity of the medium

F : free energy

Fext: external force

f : free energy per unit cell

�: density, usually the density of small particles

�0: mean density of small particles

g(r): radial distribution function

G: Gibbs free energy

g: Gibbs free energy per unit cell

� (Chap. 3): chemical potential

� (Chap. 4): mobility

�: volume fraction


�;�0 : the infinite set of coordinates of all �0 positions when setting the � position as

the origin

M� (� = l; 8c or 32f): Madelung constant for type i sites

U : internal energy, or interaction energy

uij: the interaction energy between particle i and j
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EEE: electric field

E: magnitude of the electric field

�: the inverse of the thermal energy, 1/kBT

qqq (Chap. 3): wavevector

qqq (Appendix A): quaternion


 (Chap. 3): Grüneisen constant


 (Chap. 4): friction coefficient in Langevin dynamics

A(n): prefactor of the internal pressure as a function of the stoichiometry n

vvv: velocity of the particle

�0: viscosity of the medium

�: energy conversion efficiency

���: Gaussian white noise

IIId: identity matrix in a d-dimensional space

�ij: Kronecker delta function

P (x): probability distribution function

Q: dissipation

U : input energy

W : work

T : a time interval

�: entropy production

jjj: particle current

Stran: translational entropy, or two-body excess entropy

�: dynamical activity
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�: transport efficiency

���T : evolution trajectory of the system in a time interval T

A[���T ]: Onsager-Machlup action functional along a trajectory ���T

R̂RRi: orientation of a rigid body

rrr = (r;  r; �r): spatial vector in the real space

!!! = (!;  !; �!): frequency vector in the reciprocal space

F (!!!): Fourier transform of f(rrr)

Y k
l : spherical harmonics of degree l and order k

jl: spherical Bessel function of the l-order

Pm
l : associated Legendre function of degree l and order m

�(x): Gamma function

J�(x): Bessel function of the first kind

F̂n(!): spherical Hankel transform of order n of a function f(rrr)

Snf:::g: spherical Hankel transform of order n

fk
l : spherical harmonic expansion coefficient of f(rrr)

F k
l : spherical harmonic expansion coefficient of F (!!!)

cl
00
(l; k; l

0
; k

0
): Slater coefficients

R̂(�; �; 
): 3D rotation operator with Euler angles (�; �; 
)

Dl
mm0 (�; �; 
): Wigner D-matrix

dl
mm0 (�): Wigner’s small d-matrix
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�Þ�q�2 �M�Q�i�2 �i�?���i �r�?�2�M �b�2�i�i�B�M�;� = 1 �M�K�- �i�?�2 �b�+�`�2�2�M�B�M�; �b�i�`�2�M�;�i�? �r�2 �m�b�2 �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �� �b���H�i �+�Q�M�+�2�M�i�`���i�B�Q�M
�Q�7 ���T�T�`�Q�t�B�K���i�2�H�v44�K�J �L���*�H�X �h�?�B�b �+�Q�M�+�2�M�i�`���i�B�Q�M �7���H�H�b �r�B�i�?�B�M �i�?�2 �+�Q�M�+�2�M�i�`���i�B�Q�M �`���M�;�2 �r�?�2�`�2 �i�?�2 �.�2�#�v�2�@
�>�m�+�F�2�H ���T�T�`�Q�t�B�K���i�B�Q�M �B�b ���T�T�H�B�+���#�H�2�X �J�Q�`�2�Q�p�2�`�- �i�?�2 �b�B�x�2�b �Q�7 �i�?�2 �H���`�;�2 ���M�/ �b�K���H�H �M���M�Q�T���`�i�B�+�H�2�b ���`�2 �R�y�M�K
���M�/ �k�M�K�- �`�2�b�T�2�+�i�B�p�2�H�v�- �r�?�B�+�? ���`�2 �`�2���b�Q�M���#�H�2 �p���H�m�2�b �B�M �2�t�T�2�`�B�K�2�M�i�b�X
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�6�B�;�m�`�2 �k�X�R�X �a�B�K�m�H���i�B�Q�M �#�Q�t �b�B�x�2 �m�M�/�2�` �/�B�z�2�`�2�M�i �`�2�/�m�+�2�/ �+�?���`�;�2�b �Q�7 �i�?�2 �b�K���H�H
�T���`�i�B�+�H�2�b �Uq�

B �V ���iT � = 0:3�- �7�Q�`NB / NA = 8�-q�
A = � 247 ���i �� = 0:7�X �h�r�Q

�/�B�b�i�B�M�+�i �T�?���b�2�b ���`�2 �Q�#�b�2�`�p�2�/�- �b�m�T�2�`�B�Q�M�B�+�@�H�B�F�2 ���M�/ �B�Q�M�B�+�@�H�B�F�2�c �i�?�2 �b�M���T�b�?�Q�i�b
���`�2 �7�`�Q�K �i�?�2 �(�y�y�R�) �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 �6�*�* �+�`�v�b�i���H�X

�J���B�M�i���B�M�B�M�; �� �K�2�/�B�m�K �b���H�i �+�Q�M�+�2�M�i�`���i�B�Q�M �B�b �+�`�B�i�B�+���H �7�Q�` �i�?�2 �b�i���#�B�H�B�i�v �Q�7 �+�Q�H�H�Q�B�/���H �+�`�v�b�@

�i���H�b�- �T���`�i�B�+�m�H���`�H�v �r�?�2�M �i�?�2 �+�Q�H�H�Q�B�/���H �T���`�i�B�+�H�2�b �i�?�2�K�b�2�H�p�2�b ���`�2 �M�Q�i �+�?���`�;�2�@�M�2�m�i�`���H�X �� �?�B�;�?

�b���H�i �+�Q�M�+�2�M�i�`���i�B�Q�M �U�H���`�;�2� �V �r�2���F�2�M�b �i�?�2 ���@�" ���i�i�`���+�i�B�Q�M �#�v �b�+�`�2�2�M�B�M�; �i�?�2 �+�?���`�;�2�b�- �r�?�B�+�?

�+���m�b�2�b �i�?�2 �+�`�v�b�i���H �i�Q �K�2�H�i �/�m�2 �i�Q �B�M�b�m�{�+�B�2�M�i �+�Q�?�2�b�B�p�2 �2�M�2�`�;�v�X �*�Q�M�p�2�`�b�2�H�v�- �`�2�/�m�+�B�M�; �i�?�2

�b���H�i �+�Q�M�+�2�M�i�`���i�B�Q�M �B�M�+�`�2���b�2�b �i�?�2 ���@�" ���i�i�`���+�i�B�Q�M�- �r�?�B�+�? �2�M�?���M�+�2�b �i�?�2 �`�2�T�m�H�b�B�Q�M �#�2�i�r�2�2�M

�H���`�;�2 �T���`�i�B�+�H�2�b�- �`�2�b�m�H�i�B�M�; �B�M �� �;���b �b�i���i�2 �r�?�2�`�2 �H���`�;�2 �T���`�i�B�+�H�2�b �b�i���v �7���` ���T���`�i�- �b�m�`�`�Q�m�M�/�2�/
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�#�v �b�K���H�H �T���`�i�B�+�H�2�b�X ���b �i�?�2 �b���H�i �+�Q�M�+�2�M�i�`���i�B�Q�M ���T�T�`�Q���+�?�2�b �y�- �+�?���`�;�2 �M�2�m�i�`���H�B�i�v �#�2�+�Q�K�2�b

�B�M�+�`�2���b�B�M�;�H�v �B�K�T�Q�`�i���M�i ���M�/ �2�p�2�M�i�m���H�H�v �#�2�+�Q�K�2�b �� �`�2�[�m�B�`�2�K�2�M�i �7�Q�` �b�i���#�B�H�B�i�v�- ���b �/�B�b�+�m�b�b�2�/

�B�M �*�?���T�X�j�X �h�?�2 �K�2�H�i�B�M�; �#�2�?���p�B�Q�` �Q�7 ���M �m�M�b�i���#�H�2 �+�`�v�b�i���H ���i �H�Q�r �T�`�2�b�b�m�`�2 �B�b �b�?�Q�r�M �B�M

�6�B�;�m�`�2�k�X�N�B�M �i�?�2 ���T�T�2�M�/�B�t �b�2�+�i�B�Q�M �Q�7 �i�?�B�b �+�?���T�i�2�`�X

�A�M�+�`�2���b�B�M�; �i�?�2 �i�2�K�T�2�`���i�m�`�2 �UT � �V ���#�Q�p�2 �y�X�j �B�M �i�?�2 �b�v�b�i�2�K �r�B�i�?q�
A = � 247�-q�

B = +11 �-

���M�/�� = 0:7 �+���m�b�2�b �i�?�2 �b�m�#�H���i�i�B�+�2 �i�Q �K�2�H�i�X �q�2 ���H�b�Q �Q�#�b�2�`�p�2 �� �b�i�`�Q�M�; �}�`�b�i�@�Q�`�/�2�` �B�Q�M�B�+�@

�i�Q�@�b�m�T�2�`�B�Q�M�B�+ �i�`���M�b�B�i�B�Q�M ���iNB / NA = 8�X �A�7 �r�2 �+�Q�M�p�2�`�iq�
i �i�Q �#���`�2 �+�?���`�;�2�bqi �m�b�B�M�; �i�?�2

�.�G�o�P ���T�T�`�Q�t�B�K���i�B�Q�M �7�Q�` �i�?�2�b�2 �T���`���K�2�i�2�`�b�- �r�2 �;�2�iqA � � 34 ���M�/qB � +9 �- �B�M�/�B�+���i�B�M�;

�i�?���i �i�?�2 �+�`�v�b�i���H �B�b �M�Q�i �+�?���`�;�2�@�M�2�m�i�`���H�X �A�M �+�Q�M�i�`���b�i�- �i�?�2 �M�2���`�H�v �+�?���`�;�2�@�M�2�m�i�`���H �+�`�v�b�i���H �r�B�i�?

q�
A = � 247�-q�

B = +11 �UqA � � 34 ���M�/qB � +4 �V ���H�b�Q �2�t�?�B�#�B�i�b �b�m�#�H���i�i�B�+�2 �K�2�H�i�B�M�;�- ���b �b�?�Q�r�M

�B�M �6�B�;�m�`�2�k�X�R�X �h�?�B�b �+�Q�K�T���`�B�b�Q�M �/�2�K�Q�M�b�i�`���i�2�b �i�?���i �b�m�#�H���i�i�B�+�2 �K�2�H�i�B�M�; �+���M �Q�+�+�m�` �r�B�i�?�Q�m�i

�+�?���`�;�2 �M�2�m�i�`���H�B�i�v �B�7 �b�m�{�+�B�2�M�i �b�+�`�2�2�M�B�M�; �2�t�B�b�i�b�X �q�2 �/�2�i�2�`�K�B�M�2 �i�?�2 �b�m�#�H���i�i�B�+�2 �K�2�H�i�B�M�; �i�2�K�@

�T�2�`���i�m�`�2 �#�v ���M���H�v�x�B�M�; �+�?���M�;�2�b �B�M �i�?�2 �2�[�m�B�H�B�#�`���i�2�/ �b�B�K�m�H���i�B�Q�M �#�Q�t �b�B�x�2�X �>�2���i�B�M�; �+�m�`�p�2�b �Q�7

�i�?�2 �#�Q�t �b�B�x�2 �7�Q�` �/�B�z�2�`�2�M�i �M�m�K�#�2�` �`���i�B�Q�bNB / NA �U�6�B�;�m�`�2�k�X�k�V �b�?�Q�r �i�?���i �i�?�2 �H���i�i�B�+�2 �2�t�T���M�/�b

���b �i�?�2 �i�2�K�T�2�`���i�m�`�2 �B�M�+�`�2���b�2�b�- �#�m�i �7�Q�`NB / NA = 8�- �i�?�2 �2�t�T���M�b�B�Q�M �B�b �/�B�b�+�Q�M�i�B�M�m�Q�m�b ���i ��

�b�T�2�+�B�}�+ �i�2�K�T�2�`���i�m�`�2 �UT � = 0:68�V�- �B�M�/�B�+���i�B�M�; �� �}�`�b�i�@�Q�`�/�2�` �T�?���b�2 �i�`���M�b�B�i�B�Q�M �7�Q�` �b�m�#�H���i�i�B�+�2

�K�2�H�i�B�M�;�X ���iNB / NA = 10�- �� �b�B�K�B�H���` �#�m�i �r�2���F�2�` �/�B�b�+�Q�M�i�B�M�m�Q�m�b �H���i�i�B�+�2 �2�t�T���M�b�B�Q�M �Q�+�+�m�`�`�2�/�X

�6�Q�ǸB / NA = 9�- �i�?�2 �H���i�i�B�+�2 �?���b �i�r�Q �/�B�b�i�B�M�+�i �/�B�b�+�Q�M�i�B�M�m�Q�m�b �2�t�T���M�b�B�Q�M�b �U���iT � = 0:3 ���M�/

T � = 0:46�V�- �r�?�B�+�? �r�2 �H���i�2�` �}�M�/ ���`�2 �+���m�b�2�/ �#�v �i�?�2 �K�2�H�i�B�M�; �Q�7 �i�r�Q �b�2�T���`���i�2 �b�m�#�H���i�i�B�+�2�b �r�B�i�?

�/�B�z�2�`�2�M�i �7���p�Q�`���#�H�2 �b�i�Q�B�+�?�B�Q�K�2�i�`�B�+ �`���i�B�Q�b �UNB / NA = 8 ���M�/NB / NA = 10�V�X
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�6�B�;�m�`�2 �k�X�k�X �>�2���i�B�M�; �+�m�`�p�2�b �Q�7 �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �#�Q�t �b�B�x�2 �m�M�/�2�` �/�B�z�2�`�2�M�i �M�m�K�@
�#�2�` �`���i�B�Q�bNB / NA �r�B�i�?q�

A = � 247�-q�
B = +11 �-�� = 0:7�X �6�B�`�b�i�@�Q�`�/�2�` �b�m�#�@

�H���i�i�B�+�2 �K�2�H�i�B�M�; �B�b �Q�#�b�2�`�p�2�/ ���iNB / NA = 8�- �N�- ���M�/ �R�y�X

�h�?�2 �T�?�2�M�Q�K�2�M�Q�M �Q�7 �i�?�2 �}�`�b�i�@�Q�`�/�2�` �T�?���b�2 �i�`���M�b�B�i�B�Q�M �Q�+�+�m�`�`�B�M�; �Q�M�H�v ���iNB / NA = 8

���M�/NB / NA = 10 �B�M �� �b�B�x�2�@���b�v�K�K�2�i�`�B�+ �#�B�M���`�v �+�`�v�b�i���H �+���M �#�2 �2�t�T�H���B�M�2�/ �#�v �m�b�B�M�; �q�v�+�F�Q�z

�T�Q�b�B�i�B�Q�M�b�- �� �7�m�M�/���K�2�M�i���H �+�Q�M�+�2�T�i �B�M �+�`�v�b�i���H�H�Q�;�`���T�?�v �(�d�R�)�X �q�v�+�F�Q�z �T�Q�b�B�i�B�Q�M�b ���`�2 �m�b�2�/ �i�Q

�/�2�b�+�`�B�#�2 �i�?�2 �T�Q�b�B�i�B�Q�M�b �Q�7 �b�T�2�+�B���H �b�B�i�2�b ���M�/ �i�?�2�B�` �b�v�K�K�2�i�`�B�2�b �B�M�b�B�/�2 �� �m�M�B�i �+�2�H�H�X �A�M �i�?�B�b �+���b�2�-

�r�2 �m�b�2 �i�?�2�K �i�Q �/�2�b�+�`�B�#�2 �i�?�2 �H�Q�+���i�B�Q�M �Q�7 �b�K���H�H �T���`�i�B�+�H�2�b �B�M �i�?�2 �+�`�v�b�i���H�X �A�M ���M �6�*�* �m�M�B�i

�+�2�H�H�- �i�?�2�`�2 ���`�2 �i�r�Q �B�K�T�Q�`�i���M�i �q�v�+�F�Q�z �T�Q�b�B�i�B�Q�M�b�, �i�?�232f ���M�/ �i�?�28c �T�Q�b�B�i�B�Q�M�b�X �h�?�232f

�T�Q�b�B�i�B�Q�M�b ���`�2 �i�?�2 �7�Q�m�` �B�M�M�2�` �7���+�2 �+�2�M�i�2�`�b �Q�7 �i�?�2 �i�2�i�`���?�2�/�`���H �p�Q�B�/�b �B�M �i�?�2 �m�M�B�i �+�2�H�H�- �r�?�B�H�2 �i�?�2
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8c �T�Q�b�B�i�B�Q�M�b ���`�2 �i�?�2 �+�2�M�i�2�`�b �Q�7 �i�?�2�b�2 �i�2�i�`���?�2�/�`�Q�M�b�X �a�B�M�+�2 �Q�M�2 �6�*�* �m�M�B�i �+�2�H�H ���H�b�Q �+�Q�M�i���B�M�b

�7�Q�m�` �H���`�;�2 �T���`�i�B�+�H�2�b�- �i�?�2 �M�m�K�#�2�` �`���i�B�Q �#�2�i�r�2�2�M �i�?�232f �T�Q�b�B�i�B�Q�M�b ���M�/ �i�?�2 �H���`�;�2 �T���`�i�B�+�H�2�b �B�b

8 : 1�- ���M�/ �#�2�i�r�2�2�M �i�?�28c �T�Q�b�B�i�B�Q�M�b ���M�/ �i�?�2 �H���`�;�2 �T���`�i�B�+�H�2�b �B�b2 : 1�X �A�M �� �b�B�x�2�@���b�v�K�K�2�i�`�B�+

�Q�T�T�Q�b�B�i�2�H�v�@�+�?���`�;�2�/ �#�B�M���`�v �+�`�v�b�i���H�- �i�?�2 �b�K���H�H �T���`�i�B�+�H�2�b �Q�M �i�?�232f �T�Q�b�B�i�B�Q�M�b �?���p�2 �H�Q�r�2�`

�2�M�2�`�;�v �i�?���M �Q�M �i�?�28c �T�Q�b�B�i�B�Q�M�b�X �h�?�B�b �B�b �#�2�+���m�b�2 �2���+�? �T���`�i�B�+�H�2 �Q�M �i�?�232f �T�Q�b�B�i�B�Q�M�b �B�b

�+�H�Q�b�2�` �i�Q �Q�T�T�Q�b�B�i�2�H�v�@�+�?���`�;�2�/ �H���`�;�2 �T���`�i�B�+�H�2�b �i�?���M �i�?�28c �T�Q�b�B�i�B�Q�M�b�- �K���t�B�K�B�x�B�M�; �i�?�2 �b�+�`�2�2�M�2�/

�2�H�2�+�i�`�Q�b�i���i�B�+ �B�M�i�2�`���+�i�B�Q�M�b �i�?���i ���`�2 �M�Q�i �H�Q�M�;�@�`���M�;�2�X �h�?�2�`�2�7�Q�`�2�- �B�M �i�?�2 �B�Q�M�B�+ �T�?���b�2�b�- �i�?�2 �b�K���H�H

�T���`�i�B�+�H�2�b �i�2�M�/ �i�Q �}�`�b�i �Q�+�+�m�T�v �i�?�232f �T�Q�b�B�i�B�Q�M�b ���M�/ �i�?�2�M �i�?�28c �T�Q�b�B�i�B�Q�M�b�- �`�2�b�m�H�i�B�M�; �B�M �i�r�Q

�7���p�Q�`���#�H�2 �M�m�K�#�2�` �`���i�B�Q�bNB / NA = 8 ���M�/NB / NA = 10�X �A�M �7���+�i�- �i�?�232f �T�Q�b�B�i�B�Q�M�b ���`�2

�+�Q�K�K�Q�M�H�v �i�?�2 �?�Q�K�2 �7�Q�` �i�?�2 �b�K���H�H �T���`�i�B�+�H�2�b �B�M ��AB 8 �#�B�M���`�v �B�Q�M�B�+ �+�`�v�b�i���H �(�9�R�-�9�k�-�9�j�-�9�9�)�X

���i �H�Q�r �i�2�K�T�2�`���i�m�`�2�b�- �i�?�2 �+�`�v�b�i���H �B�b �B�M �i�?�2 �B�Q�M�B�+ �b�i���i�2 �i�?���i �B�b �2�M�i�?���H�T�B�+���H�H�v �7���p�Q�`���#�H�2 �#�m�i

�2�M�i�`�Q�T�B�+���H�H�v �m�M�7���p�Q�`���#�H�2�X �A�M �i�?�B�b �b�i���i�2�- �i�?�2 �b�K���H�H �T���`�i�B�+�H�2�b ���`�2 �#���b�B�+���H�H�v �b�i�m�+�F ���i �i�?�2�B�`
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