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Abstract
How molecular chirality manifests at the nano- to macroscale has been a scientific puzzle since

Louis Pasteur discovered biochirality. In general, amphiphilic molecules can organize into a vairety

of assembly shapes including micelles, spherical vesicles, cylindrical micelles, and planar bi-

layers. However, when such amphiphilic molecules are chiral, helical ribbons, helicoidal scrolls

(cochleates), twisted ribbons and even möbius strips (closed twisted ribbons) appear. These fas-

cinating supramolecular chiral materials have particular properties that make them useful for appli-

cations in drug delivery, biosensors, nanoelectronics, and chiral recognition devices. Controlling

the shape and internal architecture of the assemblies is critical for these technologies, but the

structure, and thus the function, of these hierarchical assemblies reconfigure in response to stim-

uli, via mechanisms that are often elusive. In this study, we observe and explain how molecular

reordering driven by variations in electrostatic interactions can induce micrometer-scale structural

changes in membranes of charged, chiral molecules. The size, shape, and charge of soft as-

sembled nano-structures, like those in biology, respond in an interconnected manner to solution

ionic conditions, providing a pathway to shape control of chiral materials. This study combines

experimental, theoretical, and computational approaches to elucidate key principles in analyzing

the coupling of electrostatics and nano-scale details of soft nano-structures. These preliminary

efforts have led to development of an electrostatics-based approach for assembly shape selection

and nano-scale structure control in chiral assemblies.
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�W�U�D�W�L�R�Q�V �I�U�R�P ������ �W�R �� �P�0�� �7�K�H�R�U�H�W�L�F�D�O �D�U�J�X�P�H�Q�W�V �W�K�D�W �L�Q�F�O�X�G�H �H�O�H�F�W�U�R�V�W�D�W�L�F �D�Q�G �H�O�D�V�W�L�F �H�Q�H�U�J�L�H�V

�H�[�S�O�D�L�Q �W�K�H �P�H�P�E�U�D�Q�H �U�R�O�O�L�Q�J �D�Q�G �W�K�H �E�L�O�D�\�H�U �V�H�S�D�U�D�W�L�R�Q�±�'�H�E�\�H �O�H�Q�J�W�K �U�H�O�D�W�L�R�Q�V�K�L�S�� �2�X�U �V�W�X�G�L�H�V

�V�K�R�Z �K�R�Z �H�O�H�F�W�U�R�V�W�D�W�L�F �L�Q�W�H�U�D�F�W�L�R�Q�V �F�D�Q �E�H �W�X�Q�H�G �W�R �D�W�W�D�L�Q �D�Q�G �F�R�Q�W�U�R�O �F�R�F�K�O�H�D�W�H �V�W�U�X�F�W�X�U�H�V�� �Z�K�L�F�K

�K�D�Y�H �S�R�W�H�Q�W�L�D�O �I�R�U �H�Q�F�D�S�V�X�O�D�W�L�Q�J�� �D�Q�G �U�H�O�H�D�V�L�Q�J �P�D�F�U�R�P�R�O�H�F�X�O�H�V �L�Q �D �V�L�]�H���V�H�O�H�F�W�L�Y�H �P�D�Q�Q�H�U��

�&�K�D�S�W�H�U���� �+�H�U�H �Z�H �H�[�W�H�Q�G �R�X�U �D�Q�D�O�\�V�L�V �R�I �W�K�H �V�H�O�I���D�V�V�H�P�E�O�\ �S�D�W�K�Z�D�\�V �I�R�U �D �V�H�U�L�H�V �R�I �D�P��

�S�K�L�S�K�L�O�H�V�� �&n �. 1�� �F�R�Q�V�L�V�W�L�Q�J �R�I �D�Q �L�R�Q�L�]�D�E�O�H �D�P�L�Q�R �D�F�L�G �>�O�\�V�L�Q�H ���.���@ �F�R�X�S�O�H�G �W�R �D�O�N�\�O �W�D�L�O�V �Z�L�W�K �Q � 

������ ������ �R�U ���� �F�D�U�E�R�Q�V�� �7�K�L�V �V�L�P�S�O�H �V�\�V�W�H�P �D�O�O�R�Z�V �X�V �W�R �S�U�R�E�H �W�K�H �H�I�I�H�F�W�V �R�I �H�O�H�F�W�U�R�V�W�D�W�L�F �D�Q�G

�Y�D�Q �G�H�U �:�D�D�O�V �L�Q�W�H�U�D�F�W�L�R�Q�V �L�Q �F�K�L�U�D�O �D�V�V�H�P�E�O�L�H�V�� �6�P�D�O�O���Z�L�G�H���D�Q�J�O�H �;���U�D�\ �V�F�D�W�W�H�U�L�Q�J ���6�$�;�6���:�$�;�6��

�U�H�Y�H�D�O�V �W�K�D�W �D�W �O�R�Z �S�+�� �Z�K�H�U�H �W�K�H �K�H�D�G�J�U�R�X�S�V �D�U�H �L�R�Q�L�]�H�G ���������� �&16�. 1 �I�R�U�P�V �K�L�J�K �D�V�S�H�F�W �U�D�W�L�R�� �S�O�D��

�Q�D�U �F�U�\�V�W�D�O�O�L�Q�H �E�L�O�D�\�H�U�V�� �0�R�O�H�F�X�O�D�U �G�\�Q�D�P�L�F�V ���0�'�� �V�L�P�X�O�D�W�L�R�Q�V �U�H�Y�H�D�O �W�K�D�W �W�L�O�W�H�G �W�D�L�O�V �R�I �W�K�H �E�L�O�D�\�H�U



����

�O�H�D�I�O�H�W�V �D�U�H �L�Q�W�H�U�G�L�J�L�W�D�W�H�G�� �6�$�;�6 �V�K�R�Z�V �W�K�D�W�� �Z�L�W�K �L�Q�F�U�H�D�V�L�Q�J �V�D�O�W �F�R�Q�F�H�Q�W�U�D�W�L�R�Q�� �&16�. 1 �P�R�O�H�F�X�O�H�V

�D�V�V�H�P�E�O�H �L�Q�W�R �F�R�F�K�O�H�D�W�H�V ���D�V �G�H�V�F�U�L�E�H�G �L�Q�&�K�D�S�W�H�U������ �Z�K�H�U�H�D�V �D�W �H�O�H�Y�D�W�H�G �S�+ ���U�H�G�X�F�H�G �G�H�J�U�H�H

�R�I �L�R�Q�L�]�D�W�L�R�Q���� �K�H�O�L�F�H�V �D�U�H �R�E�V�H�U�Y�H�G �I�R�U �D�O�O �&n �. 1 �D�V�V�H�P�E�O�L�H�V�� �7�K�H �V�K�D�S�H �V�H�O�H�F�W�L�R�Q �E�H�W�Z�H�H�Q �K�H�O�L�F�H�V

�D�Q�G �V�F�U�R�O�O�V �L�V �H�[�S�O�D�L�Q�H�G �E�\ �D �P�H�P�E�U�D�Q�H �H�Q�H�U�J�H�W�L�F�V �P�R�G�H�O�� �7�K�H �Q�D�Q�R�� �W�R �P�H�V�R���V�F�D�O�H �V�W�U�X�F�W�X�U�H �R�I

�W�K�H �F�K�L�U�D�O �D�V�V�H�P�E�O�L�H�V �F�D�Q �E�H �F�R�Q�W�L�Q�X�R�X�V�O�\ �F�R�Q�W�U�R�O�O�H�G �E�\ �V�R�O�X�W�L�R�Q �L�R�Q�L�F �F�R�Q�G�L�W�L�R�Q�V��

�&�K�D�S�W�H�U���� �:�H �I�X�U�W�K�H�U �H�[�W�H�Q�G �R�X�U �L�Q�Y�H�V�W�L�J�D�W�L�R�Q �R�I �&n �. 1 �V�\�V�W�H�P�V�� �7�K�H �P�R�V�W �F�R�P�P�R�Q �F�K�L�U�D�O

�D�V�V�H�P�E�O�\ �V�K�D�S�H�V �D�U�H �K�H�O�L�F�D�O �P�H�P�E�U�D�Q�H�V�� �K�H�O�L�F�D�O �V�F�U�R�O�O�V ���F�R�F�K�O�H�D�W�H�V�� �D�Q�G �W�Z�L�V�W�H�G �P�H�P�E�U�D�Q�H�V��

�7�K�H�V�H �V�K�D�S�H�V �K�D�Y�H �E�H�H�Q �R�E�V�H�U�Y�H�G �L�Q �Q�D�W�X�U�D�O �D�Q�G �V�\�Q�W�K�H�W�L�F �V�\�V�W�H�P�V�� �'�H�V�S�L�W�H �W�K�H �S�U�H�Y�D�O�H�Q�F�H�� �D�Q

�X�Q�G�H�U�V�W�D�Q�G�L�Q�J �R�I �W�K�H �L�Q�W�H�U�F�R�Q�Y�H�U�V�L�R�Q �P�H�F�K�D�Q�L�V�P�V �E�H�W�Z�H�H�Q �G�L�I�I�H�U�H�Q�W �F�K�L�U�D�O �P�R�U�S�K�R�O�R�J�L�H�V �L�V �O�D�F�N�L�Q�J��

�,�Q �W�K�L�V �V�W�X�G�\�� �Z�H �Z�H�U�H �D�E�O�H �W�R �J�H�Q�H�U�D�W�H �D�O�O �W�K�H �F�R�P�P�R�Q �F�K�L�U�D�O �V�W�U�X�F�W�X�U�H�V �L�Q �S�H�U�K�D�S�V �W�K�H �V�L�P�S�O�H�V�W

�F�K�L�U�D�O �P�R�O�H�F�X�O�D�U �V�H�U�L�H�V �&n �. 1�� �Z�K�H�U�H �R�Q�H �D�P�L�Q�R �D�F�L�G �>�O�\�V�L�Q�H ���.���@ �L�V �F�R�X�S�O�H�G �W�R �D�O�N�\�O �W�D�L�O�V �R�I �Q ��� ����

������ �F�D�U�E�R�Q�V�� �7�K�L�V �Z�D�V �D�F�F�R�P�S�O�L�V�K�H�G �E�\ �W�X�Q�L�Q�J �W�K�H �V�R�O�X�W�L�R�Q �L�R�Q�L�F �F�R�Q�G�L�W�L�R�Q�V�� �6�F�U�R�O�O���O�L�N�H �D�V�V�H�P�E�O�L�H�V

�Z�H�U�H �R�E�V�H�U�Y�H�G �Z�K�H�Q �W�K�H �P�R�O�H�F�X�O�D�U �G�H�J�U�H�H �R�I �L�R�Q�L�]�D�W�L�R�Q �Z�D�V �K�L�J�K�� �D�Q�G �W�K�H �H�O�H�F�W�U�R�V�W�D�W�L�F �L�Q�W�H�U�D�F�W�L�R�Q�V

�Z�H�U�H �V�K�R�U�W���U�D�Q�J�H�G�� �%�\ �F�R�Q�W�U�D�V�W�� �K�H�O�L�F�D�O �D�Q�G �W�Z�L�V�W�H�G �P�H�P�E�U�D�Q�H�V �D�U�H �R�E�V�H�U�Y�H�G �I�R�U �O�R�Q�J ���Q � ������

������ �D�Q�G �V�K�R�U�W ���Q � ������ �P�R�O�H�F�X�O�D�U �W�D�L�O�V�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �Z�K�H�Q �W�K�H �P�R�O�H�F�X�O�D�U �G�H�J�U�H�H �R�I �L�R�Q�L�]�D�W�L�R�Q �Z�D�V

�O�R�Z �D�Q�G �W�K�H �H�O�H�F�W�U�R�V�W�D�W�L�F �L�Q�W�H�U�D�F�W�L�R�Q�V �Z�H�U�H �O�R�Q�J���U�D�Q�J�H�G�� �,�Q �D�G�G�L�W�L�R�Q �Z�H �V�K�R�Z �Z�H �F�D�Q �F�R�Q�W�U�R�O �W�K�H

�I�R�U�P�D�W�L�R�Q �R�I �F�K�L�U�D�O �R�U �D�F�K�L�U�D�O �V�W�U�X�F�W�X�U�H�V �E�\ �W�X�Q�L�Q�J �W�K�H �F�K�L�U�D�O �F�R�X�S�O�L�Q�J �Y�L�D �Y�D�U�L�H�G �U�D�W�L�R�V �R�I �H�Q�D�Q�W�L�R�P�H�U�V

�L�Q �W�K�H �D�V�V�H�P�E�O�L�H�V�� �7�K�H�V�H �U�H�V�X�O�W�V �Z�H�U�H �G�H�U�L�Y�H�G �E�\ �F�R�P�E�L�Q�L�Q�J �;���U�D�\ �V�F�D�W�W�H�U�L�Q�J �D�Q�G �H�O�H�F�W�U�R�Q���D�W�R�P�L�F

�I�R�U�F�H �P�L�F�U�R�V�F�R�S�\�� �2�Y�H�U�D�O�O�� �R�X�U �V�W�X�G�\ �U�H�Y�H�D�O�V �W�K�D�W �H�O�H�F�W�U�R�V�W�D�W�L�F �L�Q�W�H�U�D�F�W�L�R�Q�V �F�D�Q �E�H �X�V�H�G �W�R �J�X�L�G�H

�F�K�L�U�D�O �V�K�D�S�H �V�H�O�H�F�W�L�R�Q �D�Q�G �Q�D�Q�R���V�F�D�O�H �V�W�U�X�F�W�X�U�H �L�Q �P�R�O�H�F�X�O�D�U �V�H�O�I���D�V�V�H�P�E�O�L�H�V��

�&�K�D�S�W�H�U���� �:�H �I�R�F�X�V �R�Q �D �V�L�P�L�O�D�U �V�\�V�W�H�P�� �&16�. 2�� �W�R �F�R�Q�V�L�G�H�U �W�K�H �F�D�V�H �Z�K�H�U�H �W�K�H �F�K�L�U�D�O �D�V��

�V�H�P�E�O�\ �I�R�U�F�H�V �D�U�H �Z�H�D�N �F�R�P�S�D�U�H�G �W�R �W�K�H �H�O�H�F�W�U�R�V�W�D�W�L�F�V �W�R �E�H�W�W�H�U �X�Q�G�H�U�V�W�D�Q�G �W�K�H �F�R�X�S�O�L�Q�J �E�H�W�Z�H�H�Q

�H�O�H�F�W�U�R�V�W�D�W�L�F�V �D�Q�G �W�K�H �Q�D�Q�R���V�F�D�O�H �J�H�R�P�H�W�U�\ �R�I �W�K�H �D�V�V�H�P�E�O�L�H�V�� �7�K�H �V�L�]�H�� �V�K�D�S�H�� �D�Q�G �F�K�D�U�J�H �R�I �V�R�I�W

�D�V�V�H�P�E�O�H�G �Q�D�Q�R���V�W�U�X�F�W�X�U�H�V�� �O�L�N�H �W�K�R�V�H �L�Q �E�L�R�O�R�J�\�� �U�H�V�S�R�Q�G �L�Q �D�Q �L�Q�W�H�U�F�R�Q�Q�H�F�W�H�G �P�D�Q�Q�H�U �W�R �V�R�O�X�W�L�R�Q

�L�R�Q�L�F �F�R�Q�G�L�W�L�R�Q�V�� �&�X�V�W�R�P�D�U�L�O�\�� �W�K�H �F�K�D�U�J�H �U�H�J�X�O�D�W�L�R�Q �R�I �L�R�Q�L�]�D�E�O�H �J�U�R�X�S�V �L�V �G�H�V�F�U�L�E�H�G �W�K�U�R�X�J�K �D �SK a

���L�R�Q �G�L�V�V�R�F�L�D�W�L�R�Q �F�R�Q�V�W�D�Q�W���� �Z�K�L�F�K �L�V �U�H�O�D�W�H�G �W�R �W�K�H �G�H�J�U�H�H �R�I �L�R�Q�L�]�D�W�L�R�Q �R�I �W�K�H �J�U�R�X�S�� �SK a �Y�D�O�X�H�V

�D�U�H �F�R�P�P�R�Q�O�\ �G�H�G�X�F�H�G �I�U�R�P �+�H�Q�G�H�U�V�R�Q���+�D�V�V�H�O�E�D�O�F�K �R�U �+�L�O�O �P�R�G�H�O �I�L�W�V �W�R �W�L�W�U�D�W�L�R�Q �G�D�W�D�� �+�R�Z�H�Y�H�U��

�V�X�F�K �P�R�G�H�O�V �G�R �Q�R�W �D�F�F�R�X�Q�W �I�R�U �W�K�H �V�L�]�H �D�Q�G �V�K�D�S�H �R�I �D�V�V�H�P�E�O�L�H�V �D�Q�G �O�D�F�N �D �S�K�\�V�L�F�D�O �H�[�S�O�D�Q�D�W�L�R�Q



����

�I�R�U �D�Q �D�S�S�D�U�H�Q�W �SK a �V�K�L�I�W �W�R �V�R�P�H �H�I�I�H�F�W�L�Y�H �SK a���H�I�I �I�R�U �W�K�H �V�D�P�H �L�R�Q�L�]�D�E�O�H �P�R�O�H�F�X�O�H �L�Q �G�L�I�I�H�U�H�Q�W �D�V��

�V�H�P�E�O�\ �P�R�U�S�K�R�O�R�J�L�H�V �D�Q�G �L�R�Q�L�F �H�Q�Y�L�U�R�Q�P�H�Q�W�V�� �7�K�L�V �O�H�D�Y�H�V �D �J�D�S �L�Q �W�K�H �L�Q�W�X�L�W�L�Y�H �X�Q�G�H�U�V�W�D�Q�G�L�Q�J �R�I

�W�K�H �F�K�D�U�J�H �U�H�J�X�O�D�W�L�R�Q �S�U�R�F�H�V�V�� �7�R �W�D�F�N�O�H �W�K�L�V �S�U�R�E�O�H�P�� �Z�H �F�R�P�E�L�Q�H�G �;���U�D�\ �V�F�D�W�W�H�U�L�Q�J�� �W�L�W�U�D�W�L�R�Q �P�H�D��

�V�X�U�H�P�H�Q�W�V�� �D�Q�G �Q�R�Q�O�L�Q�H�D�U �3�R�L�V�V�R�Q���%�R�O�W�]�P�D�Q�Q �W�K�H�R�U�\ �W�R �S�U�H�G�L�F�W �W�K�H �G�H�J�U�H�H �R�I �L�R�Q�L�]�D�W�L�R�Q �L�Q �K�L�J�K�O�\

�F�K�D�U�J�H�G�� �L�R�Q�L�]�D�E�O�H �D�V�V�H�P�E�O�L�H�V�� �:�H �D�Q�D�O�\�]�H�G �W�K�H �V�H�O�I���D�V�V�H�P�E�O�\ �D�Q�G �F�K�D�U�J�H �U�H�J�X�O�D�W�L�R�Q �R�I �W�K�H �S�H�S��

�W�L�G�H �D�P�S�K�L�S�K�L�O�H �&16�. 2�� �D �W�Z�R �L�R�Q�L�]�D�E�O�H �D�P�L�Q�R �D�F�L�G �>�/�\�V�L�Q�H ���.���@ �K�H�D�G �J�U�R�X�S �F�R�X�S�O�H�G �W�R �D �������F�D�U�E�R�Q

�O�H�Q�J�W�K �W�D�L�O�� �(�[�S�H�U�L�P�H�Q�W�V �U�H�Y�H�D�O�H�G �D�V�V�H�P�E�O�\ �V�K�D�S�H �D�Q�G �V�L�]�H �W�U�D�Q�V�L�W�L�R�Q�V �D�V �D �I�X�Q�F�W�L�R�Q �R�I �S�+ �D�Q�G �V�D�O�W

�F�R�Q�F�H�Q�W�U�D�W�L�R�Q �D�Q�G �G�H�W�D�L�O�H�G �Q�D�Q�R�V�F�D�O�H �V�W�U�X�F�W�X�U�H�� �$�Q �H�O�H�F�W�U�R�V�W�D�W�L�F �P�R�G�H�O �W�K�H�Q �D�O�O�R�Z�H�G �H�[�W�U�D�F�W�L�R�Q

�R�I �W�K�H �V�K�D�S�H �D�Q�G �V�L�]�H���G�H�S�H�Q�G�H�Q�W �G�H�J�U�H�H �R�I �L�R�Q�L�]�D�W�L�R�Q�� �,�Q �W�K�L�V �Z�D�\�� �Z�H �Z�H�U�H �D�E�O�H �W�R �U�H�S�U�R�G�X�F�H

�H�[�S�H�U�L�P�H�Q�W�D�O �W�L�W�U�D�W�L�R�Q �G�D�W�D �Z�L�W�K�R�X�W �D�Q�\ �D�G�M�X�V�W�D�E�O�H �S�D�U�D�P�H�W�H�U�V�� �2�Y�H�U�D�O�O�� �R�X�U �V�W�X�G�\ �H�O�X�F�L�G�D�W�H�V �N�H�\

�S�U�L�Q�F�L�S�O�H�V �L�Q �D�Q�D�O�\�]�L�Q�J �W�K�H �F�R�X�S�O�L�Q�J �R�I �H�O�H�F�W�U�R�V�W�D�W�L�F�V �D�Q�G �Q�D�Q�R���V�F�D�O�H �G�H�W�D�L�O�V �R�I �V�R�I�W �Q�D�Q�R���V�W�U�X�F�W�X�U�H�V

�Z�K�L�F�K �S�O�D�\ �D �F�U�X�F�L�D�O �U�R�O�H �L�Q �E�L�R�O�R�J�L�F�D�O �V�\�V�W�H�P�V��

������ �*�H�Q�H�U�D�O �0�H�W�K�R�G�V

���������� �(�[�S�H�U�L�P�H�Q�W�D�O

�������������� �;���U�D�\ �6�F�D�W�W�H�U�L�Q�J ���6�$�;�6���:�$�;�6��

�,�Q���V�L�W�X �V�R�O�X�W�L�R�Q �V�P�D�O�O���Z�L�G�H �D�Q�J�O�H �;���U�D�\ �V�F�D�W�W�H�U�L�Q�J ���6�$�;�6���:�$�;�6�� �L�V �W�K�H �S�U�L�P�D�U�\ �H�[�S�H�U�L�P�H�Q�W�D�O �W�H�F�K��

�Q�L�T�X�H �I�R�U �W�K�L�V �S�U�R�M�H�F�W�� �,�Q�F�R�P�L�Q�J �;���U�D�\ �S�K�R�W�R�Q�V ��� � 0:01 � 100�Q�P�� �R�I �P�R�P�H�Q�W�X�Pk0 �V�F�D�W�W�H�U �R�I�I �R�I

�D�Q �H�O�H�F�W�U�R�Q �G�H�Q�V�H �R�E�M�H�F�W �Z�L�W�K �I�L�Q�D�O �P�R�P�H�Q�W�X�Pk �� �)�R�U �H�O�D�V�W�L�F �V�F�D�W�W�H�U�L�Q�Jjk0 j = jk j �D�Q�G �Z�H �G�H�I�L�Q�H

�D �V�F�D�W�W�H�U�L�Q�J �Y�H�F�W�R�Ujqj = jk � k0 j = 4� �V�L�Q�
� �� �Z�K�H�U�H� �L�V �W�K�H �V�F�D�W�W�H�U�L�Q�J �D�Q�J�O�H �D�Q�G� �L�V �W�K�H �;���U�D�\

�Z�D�Y�H�O�H�Q�J�W�K ���)�L�J�X�U�H������ �;���U�D�\ �V�F�D�W�W�H�U�L�Q�J �R�I�I �R�I �H�O�H�F�W�U�R�Q�V �L�V �Z�H�D�N �D�Q�G �Z�H �F�D�Q �W�K�H�U�H�I�R�U�H �X�V�H �W�K�H �%�R�U�Q

�D�S�S�U�R�[�L�P�D�W�L�R�Q �I�R�U �L�Q�G�H�S�H�Q�G�H�Q�W �V�F�D�W�W�H�U�L�Q�J �O�H�D�G�L�Q�J �W�R �W�K�H �L�Q�W�H�Q�V�L�W�\ �S�U�R�I�L�O�H �I�R�U �;���U�D�\ �V�F�D�W�W�H�U�L�Q�J �E�H�L�Q�J

�P�R�G�H�O�O�H�G �D�V �>���� �@

I (q) = hjF (q)j2i �R�U�L�H�Q�W�D�W�L�R�Q�V ������
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�Z�K�H�U�H �W�K�H�I�R�U�P �I�D�F�W�R�UF �L�V �W�K�H �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P �R�I �W�K�H �H�O�H�F�W�U�R�Q �G�H�Q�V�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �W�K�H �R�E�M�H�F�W

�U�H�O�D�W�L�Y�H �W�R �W�K�H �E�D�F�N�J�U�R�X�Q�G��� � (r )��

F (q) =
Z

� � (r ) �H�[�S
�
iq � r

�
dV ��������

�:�L�W�K �W�K�L�V�� �W�K�H �L�Q�W�H�Q�V�L�W�\ �S�U�R�I�L�O�H �I�U�R�P �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �H�O�H�F�W�U�R�Q�V �Z�L�W�K �D �J�L�Y�H�Q �V�K�D�S�H �F�D�Q �E�H �P�R�G�H�O�O�H�G

�H�[�S�O�L�F�L�W�O�\ �Z�L�W�K �W�K�H �J�H�R�P�H�W�U�\ �R�I �W�K�H �V�W�U�X�F�W�X�U�H �D�Q�G �W�K�H �H�O�H�F�W�U�R�Q �F�R�Q�W�U�D�V�W �E�H�W�Z�H�H�Q �W�K�H �R�E�M�H�F�W �D�Q�G �L�W�V

�H�Q�Y�L�U�R�Q�P�H�Q�W�� �(�[�D�P�S�O�H �F�D�O�F�X�O�D�W�L�R�Q�V �D�U�H �V�K�R�Z�Q �L�Q�%������ �'�X�H �W�R �W�K�H �D�E�L�O�L�W�\ �W�R �O�R�R�N �D�W �D �O�D�U�J�H �D�P�R�X�Q�W

�R�I �V�D�P�S�O�H �L�Q �D �V�P�D�O�O �D�P�R�X�Q�W �R�I �W�L�P�H�� �6�$�;�6 �L�V �D �Y�H�U�\ �X�V�H�I�X�O �W�H�F�K�Q�L�T�X�H �I�R�U �D�Q�D�O�\�]�L�Q�J �W�K�H �J�H�R�P�H�W�U�\

�R�I �F�K�L�U�D�O �H�T�X�L�O�L�E�U�L�X�P �V�W�X�F�W�X�U�H�V �D�Q�G �D�F�T�X�L�U�L�Q�J �J�H�Q�H�U�D�O �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �V�R�I�W �D�V�V�H�P�E�O�L�H�V��

�)�L�J�X�U�H �����6�$�;�6���0�$�;�6���:�$�;�6 �H�[�S�H�U�L�P�H�Q�W�D�O �V�H�W���X�S �D�W �6�H�F�W�R�U �� �,�'���' �D�W �$�3�6�� �0�X�O�W�L�S�O�H �G�H�W�H�F�W�R�U�V �D�W
�G�L�I�I�H�U�H�Q�W �V�F�D�W�W�H�U�L�Q�J �D�Q�J�O�H�V �D�O�O�R�Z�V �I�R�U �F�R�O�O�H�F�W�L�R�Q �R�I �L�Q�I�R�U�P�D�W�L�R�Q �I�U�R�P �D �O�D�U�J�H �U�D�Q�J�H �R�I �O�H�Q�J�W�K �V�F�D�O�H�V
�V�L�P�X�O�W�D�Q�H�R�X�V�O�\�� �$ �V�F�D�W�W�H�U�L�Q�J �S�U�R�I�L�O�H �I�U�R�P �D �&16�. 1 �E�L�O�D�\�H�U �U�L�E�E�R�Q �D�V�V�H�P�E�O�\ �L�V �V�K�R�Z�Q �R�Q �W�K�H �U�L�J�K�W �D�V
�D�Q �H�[�D�P�S�O�H�� �Z�K�H�U�H �F�R�O�R�U�H�G �U�H�J�L�R�Q�V �F�R�U�U�H�V�S�R�Q�G �W�R �L�Q�I�R�U�P�D�W�L�R�Q �I�U�R�P �W�K�H �F�R�O�R�U �P�D�W�F�K�H�G �G�H�W�H�F�W�R�U�V �R�Q
�W�K�H �O�H�I�W��
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�W�H�F�K�Q�L�T�X�H �H�P�S�O�R�\�H�G �W�R �O�R�R�N �D�W �K�H�O�L�F�D�O���F�K�L�U�D�O �V�W�U�X�F�W�X�U�H�V �>���� ���� �� ���� �@�� �7�K�H �R�Y�H�U�D�O�O �&�' �V�L�J�Q�D�O �L�V �J�L�Y�H�Q
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�S�R�O�D�U�L�]�H�G �O�L�J�K�W�� �$ �Q�H�J�D�W�L�Y�H �V�L�J�Q�D�O �F�R�U�U�H�V�S�R�Q�G�V �W�R �S�U�H�I�H�U�H�Q�W�L�D�O �D�E�V�R�U�S�W�L�R�Q �R�I �U�L�J�K�W �F�L�U�F�X�O�D�U�O�\ �S�R�O�D�U�L�]�H�G

�O�L�J�K�W �D�Q�G �V�L�P�L�O�D�U�O�\�� �W�K�H�U�H �L�V �S�R�V�L�W�L�Y�H �V�L�J�Q�D�O �I�R�U �S�U�H�I�H�U�H�Q�W�L�D�O �D�E�V�R�U�S�W�L�R�Q �R�I �O�H�I�W �F�L�U�F�X�O�D�U�O�\ �S�R�O�D�U�L�]�H�G �O�L�J�K�W��

�F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �R�S�S�R�V�L�W�H �K�H�O�L�F�D�O �R�U�G�H�U�L�Q�J��

�������������� �7�L�W�U�D�W�L�R�Q

�7�L�W�U�D�W�L�R�Q �P�H�D�V�X�U�H�P�H�Q�W�V �L�Q�Y�R�O�Y�H�V �W�K�H �V�O�R�Z �D�G�G�L�W�L�R�Q �R�I �D �W�L�W�U�D�Q�W �D�Q�G �P�H�D�V�X�U�L�Q�J �K�R�Z �W�K�H �S�+ �R�I �D

�V�R�O�X�W�L�R�Q �F�R�Q�W�D�L�Q�L�Q�J �D �Z�H�D�N �D�F�L�G���E�D�V�H �F�K�D�Q�J�H�V �D�V �\�R�X �D�G�G �P�R�U�H �R�I �W�K�H �W�L�W�U�D�Q�W ���L�Q �R�X�U �H�[�S�H�U�L�P�H�Q�W�V��

�W�K�H �W�L�W�U�D�Q�W �1�D�2�+ �L�V �X�V�H�G���� �$�W�L�W�U�D�W�L�R�Q �F�X�U�Y�H�L�V �D �S�O�R�W �R�I �W�K�H �S�+ �R�I �D �V�R�O�X�W�L�R�Q �D�V �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �Y�R�O�X�P�H

�R�I �D�G�G�H�G �W�L�W�U�D�Q�W �D�Q�G �L�V �F�K�D�U�D�F�W�H�U�L�]�H�G �E�\ �D�Q�H�T�X�L�Y�D�O�H�Q�F�H �S�R�L�Q�W�� �S�+� �S�+equiv �� �Z�K�H�U�H �W�K�H �W�L�W�U�D�Q�W �D�Q�G

�V�R�O�X�W�L�R�Q �D�U�H �L�Q �F�R�Q�F�H�Q�W�U�D�W�L�R�Q �H�T�X�L�O�L�E�U�L�X�P�� �$�Q�R�W�K�H�U �S�D�U�D�P�H�W�H�U �W�K�D�W �F�K�D�U�D�F�W�H�U�L�]�H�V �W�L�W�U�D�W�L�R�Q �F�X�U�Y�H�V �L�V

�W�K�H �S�.a = 1
2 �S�+equiv �� �)�R�U �R�X�U �H�[�S�H�U�L�P�H�Q�W�V�� �W�L�W�U�D�W�L�R�Q �L�V �S�H�U�I�R�U�P�H�G �W�R �P�H�D�V�X�U�H �W�K�H�G�H�J�U�H�H �R�I �L�R�Q�L�]�D�W�L�R�Q��
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�W�K�H �L�Q�I�R�U�P�D�W�L�R�Q �L�V �J�D�W�K�H�U�H�G �E�\ �W�R�X�F�K�L�Q�J �W�K�H �V�X�U�I�D�F�H �Z�L�W�K �D �P�H�F�K�D�Q�L�F�D�O �S�U�R�E�H�� �:�K�H�Q �W�K�H �S�U�R�E�H���W�L�S

�L�V �E�U�R�X�J�K�W �L�Q�W�R �S�U�R�[�L�P�L�W�\ �R�I �D �V�D�P�S�O�H �V�X�U�I�D�F�H�� �I�R�U�F�H�V �E�H�W�Z�H�H�Q �W�K�H �W�L�S �D�Q�G �W�K�H �V�D�P�S�O�H �O�H�D�G �W�R �D
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�D�F�F�X�U�D�W�H �P�R�Y�H�P�H�Q�W�V �H�Q�D�E�O�H �S�U�H�F�L�V�H �V�F�D�Q�Q�L�Q�J�� �$�)�0 �F�D�Q �E�H �S�H�U�I�R�U�P�H�G �L�Q �E�R�W�K �D �V�R�O�L�G �D�Q�G �O�L�T�X�L�G
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�W�H�P�S�H�U�D�W�X�U�H�V�� �7�(�0 �L�V �D �W�H�F�K�Q�L�T�X�H �W�K�D�W �L�P�D�J�H�V �D �V�D�P�S�O�H �X�V�L�Q�J �D�Q �H�O�H�F�W�U�R�Q �E�H�D�P�� �Z�K�H�U�H �K�L�J�K �H�Q��



����
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�S�H�U�L�P�H�Q�W�D�O �F�R�Q�G�L�W�L�R�Q�V �V�X�F�K �D�V �P�R�O�H�F�X�O�D�U �G�H�V�L�J�Q�� �L�R�Q�L�F �V�W�U�H�Q�J�W�K�� �S�+�� �D�P�S�K�L�S�K�L�O�H �F�R�Q�F�H�Q�W�U�D�W�L�R�Q�� �D�Q�G

�W�K�H �D�W�W�D�L�Q�H�G �Q�D�Q�R�U�L�E�E�R�Q���U�H�O�D�W�H�G �P�R�U�S�K�R�O�R�J�\ �D�U�H �Q�R�W �I�X�O�O�\ �H�V�W�D�E�O�L�V�K�H�G�� �7�K�H�U�H�I�R�U�H�� �S�U�H�F�L�V�H �F�R�Q�W�U�R�O

�R�I �Q�D�Q�R�U�L�E�E�R�Q���U�H�O�D�W�H�G �D�U�F�K�L�W�H�F�W�X�U�H �U�H�T�X�L�U�H�V �I�X�U�W�K�H�U �X�Q�G�H�U�V�W�D�Q�G�L�Q�J �R�I �W�K�H �G�H�O�L�F�D�W�H �L�Q�W�H�U�S�O�D�\ �E�H�W�Z�H�H�Q
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�S�K�R�O�R�J�\ �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q�V �D�U�H �H�O�X�V�L�Y�H�� �7�K�H �S�U�L�Q�F�L�S�D�O �D�L�P �R�I �W�K�L�V �V�W�X�G�\ �L�V �W�R �V�W�D�U�W �Z�L�W�K �D �Q�D�Q�R�U�L�E�E�R�Q
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�P�H�P�E�U�D�Q�H �V�W�U�X�F�W�X�U�H �D�V �D �I�X�Q�F�W�L�R�Q �R�I �L�R�Q�L�F �V�W�U�H�Q�J�W�K �E�\ �X�V�L�Q�J �D �F�R�P�E�L�Q�D�W�L�R�Q �R�I �F�U�\�R�W�U�D�Q�V�P�L�V�V�L�R�Q �H�O�H�F��

�W�U�R�Q �P�L�F�U�R�V�F�R�S�\ ���F�U�\�R���7�(�0���� �O�L�T�X�L�G���D�W�R�P�L�F �I�R�U�F�H �P�L�F�U�R�V�F�R�S�\ ���O�L�T�X�L�G���$�)�0���� �D�Q�G �L�Q �V�L�W�X �V�P�D�O�O�� �D�Q�G

�Z�L�G�H���D�Q�J�O�H �;���U�D�\ �V�F�D�W�W�H�U�L�Q�J ���6�$�;�6���:�$�;�6���� �7�K�H �H�[�S�H�U�L�P�H�Q�W�V �D�U�H �F�R�X�S�O�H�G �Z�L�W�K �W�K�H�R�U�H�W�L�F�D�O �P�R�G�H�O�V

�W�K�D�W �T�X�D�O�L�W�D�W�L�Y�H�O�\ �H�[�S�O�D�L�Q �W�K�H �R�E�V�H�U�Y�H�G �P�R�U�S�K�R�O�R�J�L�F�D�O �W�U�D�Q�V�L�W�L�R�Q�V��
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�)�L�J�X�U�H ���������$���0�R�O�H�F�X�O�D�U �V�W�U�X�F�W�X�U�H �R�I ���� �F�K�D�U�J�H�G �&16�. 1 �Z�L�W�K �H�V�W�L�P�D�W�H�V �I�R�U �K�\�G�U�R�S�K�R�E�L�F �W�D�L�O �D�Q�G
�K�\�G�U�R�S�K�L�O�O�L�F �K�H�D�G�J�U�R�X�S �O�H�Q�J�W�K�V�� �7�K�H �P�R�O�H�F�X�O�D�U �F�R�Q�I�R�U�P�D�W�L�R�Q �Z�D�V �G�H�U�L�Y�H�G �I�U�R�P �D�Q �0�' �V�L�P�X�O�D�W�L�R�Q
�I�R�U �D �V�L�Q�J�O�H �&16�. 1 �L�Q �Z�D�W�H�U �X�V�L�Q�J �W�K�H �X�Q�L�Y�H�U�V�D�O �I�R�U�F�H �I�L�H�O�G �>���� �@���%���$�)�0 �L�P�D�J�H �I�U�R�P �D �V�L�O�L�F�D���Z�D�W�H�U
�L�Q�W�H�U�I�D�F�H �V�K�R�Z�L�Q�J �K�L�J�K �D�V�S�H�F�W �U�D�W�L�R �&16�. 1 �Q�D�Q�R�U�L�E�E�R�Q�V���&���7�K�H �K�H�L�J�K�W �S�U�R�I�L�O�H �D�F�U�R�V�V �D �&16�. 1 �U�L�E�E�R�Q
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�I�R�U �&16�. 1 �L�Q �W�K�H�L�U �D�J�J�U�H�J�D�W�H�V �>���� �@�� �7�K�H�U�H�I�R�U�H�� �X�Q�G�H�U �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �F�R�Q�G�L�W�L�R�Q�V�� �Q�H�D�U�O�\ �D�O�O �R�I �W�K�H

�&16�. 1 �D�U�H �H�[�S�H�F�W�H�G �W�R �E�H �L�Q �W�K�H�L�U ���� �L�R�Q�L�]�H�G �V�W�D�W�H��

�7�K�H �$�)�0 �L�P�D�J�H �R�I �&16�. 1 �D�V�V�H�P�E�O�L�H�V �D�W �D �V�L�O�L�F�D ���6�L�2 �[ �����Z�D�W�H�U �L�Q�W�H�U�I�D�F�H ���)�L�J�X�U�H�������%�� �D�Q�G �R�W�K�H�U

�$�)�0 �L�P�D�J�H�V �F�R�O�O�H�F�W�H�G �D�W �G�L�I�I�H�U�H�Q�W �V�S�R�W�V �R�Q �W�K�H �V�X�E�V�W�U�D�W�H �U�H�Y�H�D�O �W�K�D�W �L�Q �W�K�H �D�E�V�H�Q�F�H �R�I �D�G�G�H�G �V�D�O�W��



����

�&16�. 1 �D�V�V�H�P�E�O�H�V �L�Q�W�R �I�O�D�W �U�L�E�E�R�Q�V�� �Z�L�W�K �Z�L�G�W�K�V ��W �� �L�Q �W�K�H �U�D�Q�J�H �R�I �D �I�H�Z �K�X�Q�G�U�H�G �Q�P�� �O�H�Q�J�W�K�V ��L ��

�U�D�Q�J�L�Q�J �I�U�R�P �� �W�R ���� ���P�� �D�Q�G �D�V�S�H�F�W �U�D�W�L�R ��L / W �� �D�V �K�L�J�K �D�V ������ �$�O�O �R�I �W�K�H �U�L�E�E�R�Q�V �H�[�K�L�E�L�W �W�K�H

�V�D�P�H �W�K�L�F�N�Q�H�V�V �R�I� ������ �Q�P�� �D�V �V�K�R�Z�Q �E�\ �D �U�H�S�U�H�V�H�Q�W�D�W�L�Y�H �$�)�0 �K�H�L�J�K�W �V�F�D�Q ���)�L�J�X�U�H�������&���� �7�K�L�V

�W�K�L�F�N�Q�H�V�V �L�V �O�H�V�V �W�K�D�Q �W�Z�L�F�H �W�K�H �O�H�Q�J�W�K �������� �Q�P�� �R�I �I�X�O�O�\ �H�[�W�H�Q�G�H�G �&16�. 1 �P�R�O�H�F�X�O�H�V ���)�L�J�X�U�H�������$����

�V�X�J�J�H�V�W�L�Q�J �W�K�D�W �W�K�H �&16�. 1 �U�L�E�E�R�Q�V �D�U�H �E�L�O�D�\�H�U�V �Z�L�W�K �W�K�H �D�O�N�\�O �W�D�L�O�V �R�I �W�K�H �� �O�H�D�I�O�H�W�V �L�Q�W�H�U�G�L�J�L�W�D�W�H�G��

�7�K�H �L�Q�W�H�U�G�L�J�L�W�D�W�H�G �E�L�O�D�\�H�U �F�R�Q�I�L�J�X�U�D�W�L�R�Q�� �Z�K�L�F�K �K�D�V �D�O�V�R �E�H�H�Q �R�E�V�H�U�Y�H�G �L�Q �&16�. 2 �>���� �@ �D�Q�G �R�W�K�H�U �3�$�V

�>���� �@�� �L�V �H�[�S�H�F�W�H�G �I�R�U �P�R�O�H�F�X�O�H�V �Z�L�W�K �K�H�D�G�J�U�R�X�S �F�U�R�V�V���V�H�F�W�L�R�Q�D�O �D�U�H�D�V �P�X�F�K �O�D�U�J�H�U �W�K�D�Q �W�K�D�W �I�R�U �W�K�H

�D�O�N�\�O �W�D�L�O�V��

���������� �&16�. 1 �$�V�V�H�P�E�O�L�H�V �Z�L�W�K �$�G�G�H�G �1�D�&�O

�6�F�U�H�H�Q�L�Q�J �H�I�I�H�F�W�V �D�U�H �D�Q�D�O�\�]�H�G �L�Q �&16�. 1 �G�L�V�S�H�U�V�L�R�Q�V �W�K�D�W �F�R�Q�W�D�L�Q �1�D�&�O �D�W �F�R�Q�F�H�Q�W�U�D�W�L�R�Q�V ��c�� �U�D�Q�J�L�Q�J

�I�U�R�P �� �W�R ������ �P�0�� �)�L�J�X�U�H������ �$�±�' �V�K�R�Z �$�)�0 �L�P�D�J�H�V �R�I �&16�. 1 �D�V�V�H�P�E�O�L�H�V �D�W �6�L�2�[ ���1�D�&�O �V�R�O�X�W�L�R�Q

�L�Q�W�H�U�I�D�F�H�V �I�R�Uc = ���� ���� ���� �D�Q�G �� �P�0�� �3�H�D�N���I�R�U�F�H �H�U�U�R�U �L�P�D�J�H�V �D�U�H �V�K�R�Z�Q �D�V �W�K�H�\ �G�H�O�L�Y�H�U �E�H�W�W�H�U ���'

�U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �W�K�H �P�R�U�S�K�R�O�R�J�L�H�V �>���� ������ �@�� �:�L�W�K �L�Q�F�U�H�D�V�L�Q�J �1�D�&�O �F�R�Q�F�H�Q�W�U�D�W�L�R�Q �W�K�H �U�L�E�E�R�Q �D�V�S�H�F�W

�U�D�W�L�R �G�H�F�U�H�D�V�H�V�� �D�Q�G �D�Wc = �� �P�0 �Q�H�D�U�O�\ �L�V�R�W�U�R�S�L�F �V�K�H�H�W�V �R�I �� �W�R ����� �P �G�L�D�P�H�W�H�U �D�U�H �R�E�V�H�U�Y�H�G

���)�L�J�X�U�H�������&���� �$�W �R�U �D�E�R�Y�H �W�K�L�V �W�K�U�H�V�K�R�O�G �F�R�Q�F�H�Q�W�U�D�W�L�R�Q ��cth ���� �W�K�H �V�K�H�H�W�V �U�R�O�O �L�Q�W�R �F�R�F�K�O�H�D�W�H�V ���)�L�J�X�U�H

�������'���� �7�K�H �P�X�O�W�L�O�D�\�H�U�H�G �Q�D�W�X�U�H �R�I �W�K�H �V�F�U�R�O�O�V �L�V �D�O�V�R �R�E�V�H�U�Y�H�G �L�Q �F�U�\�R���7�(�0 �L�P�D�J�H�V ���)�L�J�X�U�H�������)����

�2�Y�H�U�D�O�O�� �$�)�0 �D�Q�G �F�U�\�R���7�(�0 �V�K�R�Z �W�K�D�W �L�Q�F�U�H�D�V�L�Q�J �W�K�H �L�R�Q�L�F �V�W�U�H�Q�J�W�K �H�Y�H�Q �R�Y�H�U �D �Q�D�U�U�R�Z �U�D�Q�J�H �I�L�U�V�W

�L�Q�G�X�F�H�V �W�K�H �U�L�E�E�R�Q �W�R �V�K�H�H�W �W�R �F�R�F�K�O�H�D�W�H �W�U�D�Q�V�L�W�L�R�Q�V��

�:�H �R�E�W�D�L�Q �H�Q�V�H�P�E�O�H���D�Y�H�U�D�J�H�G�� �T�X�D�Q�W�L�W�D�W�L�Y�H �G�H�W�D�L�O�V �R�I �W�K�H �P�H�V�R�V�F�R�S�L�F �P�R�U�S�K�R�O�R�J�\ �E�\ �6�$�;�6

�D�Q�G �W�K�H �P�R�O�H�F�X�O�D�U �S�D�F�N�L�Q�J �E�\ �:�$�;�6 �L�Q �W�K�H �U�L�E�E�R�Q�V �D�Q�G �W�K�H �F�R�F�K�O�H�D�W�H�V�� �)�L�J�X�U�H������ �$ �D�Q�G �& �V�K�R�Z

�W�K�H �E�D�F�N�J�U�R�X�Q�G���V�X�E�W�U�D�F�W�H�G �6�$�;�6 �D�Q�G �:�$�;�6 �G�D�W�D �I�R�U �&16�. 1 �U�L�E�E�R�Q�V �L�Q �S�X�U�H �Z�D�W�H�U �Z�L�W�K �D�G�G�H�G

�1�D�&�O�� �D�V �D �I�X�Q�F�W�L�R�Q �R�I �V�F�D�W�W�H�U�L�Q�J �Y�H�F�W�R�U �P�D�J�Q�L�W�X�G�Hq = 4 �sin (� )/ � �� �+�H�U�H��� = 0 :827 �L�V �W�K�H �;���U�D�\

�Z�D�Y�H�O�H�Q�J�W�K�� �D�Q�G ��� �L�V �W�K�H �V�F�D�W�W�H�U�L�Q�J �D�Q�J�O�H�� �)�R�Uq < 0:4 �Q�P�í1 ���)�L�J�X�U�H�������$���� �W�K�H �L�Q�W�H�Q�V�L�W�\I / q�í2 �L�V

�L�Q�G�L�F�D�W�L�Y�H �R�I �V�W�U�X�F�W�X�U�H�V �Z�L�W�K �H�[�W�H�Q�G�H�G �V�L�]�H�V �L�Q ���'�� �Z�K�L�F�K �L�V �F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �W�K�H �$�)�0 �R�E�V�H�U�Y�D�W�L�R�Q �R�I

�I�O�D�W �U�L�E�E�R�Q�V �Z�L�W�K �O�H�Q�J�W�K �D�Q�G �Z�L�G�W�K �E�R�W�K �J�U�H�D�W�H�U �W�K�D�Q2� / qmin � 300�Q�P�� �Z�K�H�U�Hqmin �L�V �W�K�H �P�L�Q�L�P�X�P

�D�F�F�H�V�V�L�E�O�Hq �L�Q �W�K�H �P�H�D�V�X�U�H�P�H�Q�W�V�� �)�L�J�X�U�H�������$ ���U�H�G�� �V�K�R�Z�V �V�W�U�R�Q�J �%�U�D�J�J �U�H�I�O�H�F�W�L�R�Q�V �L�Q �W�K�H �U�D�Q�J�H



����

���� �� q �� ���� �Q�P�í1 �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R0:45 > 2� / q > 0:4 �Q�P �G�L�V�W�D�Q�F�H�V�� �Z�K�L�F�K �D�U�H �F�O�R�V�H �W�R �W�K�H �G�L�D�P�H�W�H�U

�R�I �W�K�H �D�O�N�\�O �W�D�L�O�V�� �7�K�H�U�H�I�R�U�H�� �Z�L�W�K�L�Q �W�K�H �U�L�E�E�R�Q�V�� �W�K�H �D�O�N�\�O �W�D�L�O�V �S�D�F�N �R�Q �D �F�U�\�V�W�D�O�O�L�Q�H �O�D�W�W�L�F�H �V�X�F�K �W�K�D�W

�W�K�H �Q�H�D�U�H�V�W���Q�H�L�J�K�E�R�U �G�L�V�W�D�Q�F�H�V �D�U�H �F�R�P�P�H�Q�V�X�U�D�W�H �Z�L�W�K �W�K�H �W�D�L�O �G�L�D�P�H�W�H�U�� �$

�)�L�J�X�U�H ���������D���G�$�)�0 �S�H�D�N�I�R�U�F�H �H�U�U�R�U �L�P�D�J�H�V �R�I �G�U�R�S���F�D�V�W �&16�. 1 �P�H�P�E�U�D�Q�H�V �D�W �6�L�2�[���1�D�&�O �V�R�O�X�W�L�R�Q
�L�Q�W�H�U�I�D�F�H�� �$�V �1�D�&�O �F�R�Q�F�H�Q�W�U�D�W�L�R�Q �L�Q�F�U�H�D�V�H�V�� �V�W�U�X�F�W�X�U�D�O �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q�V �D�U�H �R�E�V�H�U�Y�H�G �I�U�R�P �Q�D�Q�R�U�L�E��
�E�R�Q �W�R �L�V�R�W�U�R�S�L�F �V�K�H�H�W �D�Q�G �W�R �U�R�O�O�H�G���X�S �F�R�F�K�O�H�D�W�H�V�� �Z�K�L�F�K �H�[�K�L�E�L�W �D �V�F�U�H�Z���O�L�N�H �S�L�W�F�K���H���I�&�U�\�R���7�(�0
�L�P�D�J�H�V �R�I �E�L�O�D�\�H�U �U�L�E�E�R�Q �Z�L�W�K �Q�R �D�G�G�H�G �V�D�O�W �R�U �1�D�2�+ ���S�+� ���� �D�Q�G �F�R�F�K�O�H�D�W�H �O�D�P�H�O�O�D �D�W �>�1�D�&�O�@= ����
�P�0��

�:�H �W�U�D�F�H�G �W�K�H �U�L�E�E�R�Q �W�R �F�R�F�K�O�H�D�W�H �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �D�Q�G �W�K�H �F�K�D�Q�J�H�V �L�Q �F�R�F�K�O�H�D�W�H�V �D�V �D �I�X�Q�F�W�L�R�Q �R�I

�1�D�&�O �F�R�Q�F�H�Q�W�U�D�W�L�R�Q �Y�L�D �6�$�;�6���:�$�;�6�� �)�L�J�X�U�H�������$ �D�Q�G �& �V�K�R�Z �;���U�D�\ �V�F�D�W�W�H�U�L�Q�J �I�U�R�P �� �P�0 �&16�. 1 �D�W

�O�R�Z ��c � ���±�� �P�0�� �D�Q�G �K�L�J�K ��c � ���±���� �P�0�� �1�D�&�O �F�R�Q�F�H�Q�W�U�D�W�L�R�Q�V�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �)�L�J�X�U�H�������$ �V�K�R�Z�V �W�K�D�W

�I�R�Uc � 2 �P�0 �D�Q�G �I�R�Uq < 0:1 �Q�P�í1�� �W�K�H �P�R�Q�R�W�R�Q�L�F �I�D�O�O �L�Q �L�Q�W�H�Q�V�L�W�\ �L�V �U�H�S�O�D�F�H�G �E�\ �P�X�O�W�L�S�O�H �L�Q�W�H�Q�V�L�W�\

�P�R�G�X�O�D�W�L�R�Q�V �G�X�H �W�R �F�R�F�K�O�H�D�W�H�V�� �7�K�H �6�$�;�6���G�H�G�X�F�H�G �1�D�&�O �F�R�Q�F�H�Q�W�U�D�W�L�R�Q �R�I �� �P�0 �I�R�U �U�L�E�E�R�Q �W�R

�F�R�F�K�O�H�D�W�H �W�U�D�Q�V�L�W�L�R�Q �L�V �R�Q�O�\ �V�O�L�J�K�W�O�\ �O�R�Z�H�U �W�K�D�Q �W�K�H �W�K�U�H�V�K�R�O�Gcth = �� �P�0 �L�Q �$�)�0 �H�[�S�H�U�L�P�H�Q�W�V��

�7�K�H�U�H�I�R�U�H�� �U�R�O�O�L�Q�J �R�I �W�K�H �P�H�P�E�U�D�Q�H �L�Q�W�R �F�R�F�K�O�H�D�W�H�V �L�V �G�U�L�Y�H�Q �E�\ �W�K�H �V�R�O�X�W�L�R�Q �L�R�Q�L�F �V�W�U�H�Q�J�W�K�� �L���H���� �W�K�H

�U�D�Q�J�H �R�I �L�Q�W�H�U�P�R�O�H�F�X�O�D�U �H�O�H�F�W�U�R�V�W�D�W�L�F �L�Q�W�H�U�D�F�W�L�R�Q�V �F�R�Q�W�U�R�O�V �W�K�H �U�L�E�E�R�Q �W�R �F�R�F�K�O�H�D�W�H �W�U�D�Q�V�L�W�L�R�Q�� �)�L�J�X�U�H

�������$ �V�K�R�Z�V �L�Q�W�H�Q�V�L�W�\ �P�R�G�X�O�D�W�L�R�Q�V �D�F�U�R�V�V �W�K�H �H�Q�W�L�U�H �T �U�D�Q�J�H �R�I0:02�±25 �Q�P�í1 �� �Z�K�L�F�K �D�U�H �G�L�Y�L�G�H�G

�L�Q�W�R �� �J�U�R�X�S�V�� �H�D�F�K �\�L�H�O�G�L�Q�J �L�Q�I�R�U�P�D�W�L�R�Q �D�W �D �G�L�I�I�H�U�H�Q�W �O�H�Q�J�W�K �V�F�D�O�H�� ���� �W�K�H �������� ��q �� �������� �Q�P�í1



����

�P�R�G�X�O�D�W�L�R�Q �D�U�L�V�H�V �I�U�R�P �W�K�H �F�U�R�V�V���V�H�F�W�L�R�Q �R�I �W�K�H �F�R�F�K�O�H�D�W�H�V�� �,�I �Z�H �D�V�V�X�P�H �W�K�H �R�Y�H�U�D�O�O �V�K�D�S�H �R�I �D

�F�R�F�K�O�H�D�W�H �L�V �D �F�\�O�L�Q�G�H�U �R�I �U�D�G�L�X�VR�� �W�K�H�Q �W�K�H �V�F�D�W�W�H�U�L�Q�J �D�P�S�O�L�W�X�G�HFcyl (q) / J1(qR)/( qR) �Z�K�H�U�HJ1

�L�V �W�K�H �I�L�U�V�W���R�U�G�H�U �%�H�V�V�H�O �I�X�Q�F�W�L�R�Q �R�I �W�K�H �I�L�U�V�W �N�L�Q�G�� �7�K�H �I�L�U�V�W �]�H�U�R �R�IJ1(qR)/( qR) �R�F�F�X�U�V �D�WqR = 3 :8��

�7�K�H�U�H�I�R�U�H�� �W�K�H �P�L�Q�L�P�X�P �D�Wq � 0:022�Q�P�í1 �\�L�H�O�G�V �D�Q �D�Y�H�U�D�J�H �F�R�F�K�O�H�D�W�H �U�D�G�L�X�VR = 3 :8/0:022� 173

�Q�P�� �Z�K�L�F�K �L�V �F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �W�K�H �7�(�0 �L�P�D�J�H �R�I �W�K�H �F�R�F�K�O�H�D�W�H�V�� ���� �)�R�U ������ ��q �� �� �Q�P�í1�� �W�K�H �L�Q�W�H�Q�V�L�W�\

�P�D�[�L�P�D �S�R�V�L�W�L�R�Q�V �I�R�O�O�R�Z �W�K�H �V�H�T�X�H�Q�F�Hqmax : 2qmax : 3qmax �� �7�K�H�U�H�I�R�U�H�� �W�K�H�V�H �P�R�G�X�O�D�W�L�R�Q�V �D�U�H

�%�U�D�J�J �U�H�I�O�H�F�W�L�R�Q�V �G�X�H �W�R �S�H�U�L�R�G�L�F �O�D�P�H�O�O�D�� �Z�L�W�K �D �V�S�D�F�L�Q�JD = 2 � / q �P�D�[ �Z�L�W�K�L�Q �W�K�H �F�R�F�K�O�H�D�W�H�V��

�%�D�V�H�G �R�Qqmax ���)�L�J�X�U�H�������&�� �I�R�U ����������� c � ������ �0��D (�Q�P) = 6 :40 + 2:05 � c�í1/2 ���)�L�J�X�U�H�������'����

�7�K�D�W �L�V�� �I�R�U �W�K�H �U�D�Q�J�H �R�I �1�D�&�O �F�R�Q�F�H�Q�W�U�D�W�L�R�Q �X�V�H�G�� �W�K�H �L�Q�W�H�U�O�D�P�H�O�O�D�U �V�S�D�F�L�Q�J �F�R�X�O�G �E�H �F�R�Q�W�L�Q�X�R�X�V�O�\

�W�X�Q�H�G �I�U�R�P ���� �W�R ���� �Q�P�� �D�Q�G �W�K�H �L�Q�W�H�U�O�D�P�H�O�O�D�U �V�S�D�F�L�Q�J �Y�D�U�L�H�V �O�L�Q�H�D�U�O�\ �Z�L�W�K �W�K�H �H�O�H�F�W�U�R�V�W�D�W�L�F �V�F�U�H�H�Q�L�Q�J

�O�H�Q�J�W�K ��� D / c� 1/2 ���� �7�K�X�V�� �W�K�H �U�D�Q�J�H �R�I �H�O�H�F�W�U�R�V�W�D�W�L�F �L�Q�W�H�U�D�F�W�L�R�Q�V �D�O�V�R �F�R�Q�W�U�R�O�V �W�K�H �L�Q�W�H�U�E�L�O�D�\�H�U

�V�S�D�F�L�Q�J�� ���� �$�V �Q�R�W�H�G �L�Q �W�K�H �6�$�;�6 �D�Q�D�O�\�V�L�V �R�I �U�L�E�E�R�Q�V�� �W�K�H �E�U�R�D�G �L�Q�W�H�Q�V�L�W�\ �P�R�G�X�O�D�W�L�R�Q �I�R�U ������ ��q

�� �� �Q�P�í1 �L�V �G�X�H �W�R �D�Q �L�Q�G�L�Y�L�G�X�D�O�&16�. 1 �E�L�O�D�\�H�U�� �)�L�J�X�U�H�������$ �V�K�R�Z�V �W�K�D�W �W�K�H �P�L�Q�L�P�X�P �S�R�V�L�W�L�R�Q �D�W

q � 0:9�Q�P�í1 �V�K�L�I�W�V �W�R �D �O�R�Z�H�Uq �Z�K�H�Q �W�K�H �U�L�E�E�R�Q�V �D�U�H �W�U�D�Q�V�I�R�U�P�H�G �L�Q�W�R �F�R�F�K�O�H�D�W�H�V�� �7�K�L�V �V�K�L�I�W �L�V

�R�E�V�H�U�Y�H�G �X�S �W�Rc = 4 �P�0 ���)�L�J�X�U�H�������$���&���� �D�Q�G �L�V �F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �D�Q �L�Q�F�U�H�D�V�H �L�Q �W�K�H �E�L�O�D�\�H�U �W�K�L�F�N�Q�H�V�V

�I�U�R�P ������ �Q�P ���U�L�E�E�R�Q�� �W�R ������ �Q�P ���F�R�F�K�O�H�D�W�H�� �G�X�H �W�R �D�Q �L�Q�F�U�H�D�V�H �L�Q �W�K�H �W�K�L�F�N�Q�H�V�V �R�I �W�K�H �W�D�L�O �U�H�J�L�R�Q��

�7�K�X�V�� �D �F�X�U�Y�D�W�X�U�H���L�Q�G�X�F�H�G �V�W�U�D�L�Q �L�Q �W�K�H �F�R�F�K�O�H�D�W�H�V �U�H�G�X�F�H�V �W�K�H �H�[�W�H�Q�W �R�I �L�Q�W�H�U�G�L�J�L�W�D�W�L�R�Q �E�H�W�Z�H�H�Q

�W�K�H �E�L�O�D�\�H�U �O�H�D�I�O�H�W�V�� ���� �7�K�H �F�X�U�Y�D�W�X�U�H �D�O�V�R �U�H�G�X�F�H�V �W�K�H �G�H�J�U�H�H �R�I �R�U�G�H�U �L�Q �W�K�H �S�D�F�N�L�Q�J �R�I �&16�. 1 �W�D�L�O�V

�D�Q�G �K�H�D�G�J�U�R�X�S�V�� �)�R�U �W�K�H �F�D�V�H �R�I �� �P�0 �&16�. 1 �� �W�K�H �V�K�D�U�S �G�L�I�I�U�D�F�W�L�R�Q �S�H�D�N�V �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H

�F�U�\�V�W�D�O�O�L�Q�H �R�U�G�H�U�L�Q�J �V�P�H�D�U �R�X�W �I�R�Uc � �� �P�0�� �2�Y�H�U�D�O�O�� �;���U�D�\ �V�F�D�W�W�H�U�L�Q�J �D�Q�D�O�\�V�L�V �U�H�Y�H�D�O�V �W�K�D�W �D�E�R�Y�H

�D �W�K�U�H�V�K�R�O�G �1�D�&�O �F�R�Q�F�H�Q�W�U�D�W�L�R�Q �R�I ���±�� �P�0�� �&16�. 1 �D�V�V�H�P�E�O�H�V �L�Q�W�R �F�R�F�K�O�H�D�W�H�V�� �7�K�H �L�Q�W�H�U�E�L�O�D�\�H�U

�V�S�D�F�L�Q�J �Z�L�W�K�L�Q �W�K�H�V�H �F�R�F�K�O�H�D�W�H�V �G�H�S�H�Q�G�V �O�L�Q�H�D�U�O�\ �R�Q �W�K�H �H�O�H�F�W�U�R�V�W�D�W�L�F �V�F�U�H�H�Q�L�Q�J �O�H�Q�J�W�K�� �D�Q�G �W�K�H

�F�X�U�Y�H�G �P�R�U�S�K�R�O�R�J�\ �R�I �W�K�H �F�R�F�K�O�H�D�W�H�V �L�Q�G�X�F�H�V �D �U�H�G�X�F�W�L�R�Q �L�Q �W�K�H �L�Q�W�H�U�G�L�J�L�W�D�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �E�L�O�D�\�H�U

�O�H�D�I�O�H�W�V �D�Q�G �W�K�H �F�U�\�V�W�D�O�O�L�Q�L�W�\ �L�Q �W�K�H �P�R�O�H�F�X�O�D�U �S�D�F�N�L�Q�J��



����

�)�L�J�X�U�H ���������$�� �%�D�F�N�J�U�R�X�Q�G���V�X�E�W�U�D�F�W�H�G �L�Q �V�L�W�X �6�$�;�6���:�$�;�6 �G�D�W�D �I�R�U �� �P�0 �&16�. 1 �D�V �W�K�H �1�D�&�O
�F�R�Q�F�H�Q�W�U�D�W�L�R�Q �L�V �L�Q�F�U�H�D�V�H�G �I�U�R�P �� �W�R �� �P�0�� �7�K�H �G�D�W�D�V�H�W�V �D�U�H �R�I�I�V�H�W �Y�H�U�W�L�F�D�O�O�\ �I�R�U �F�O�D�U�L�W�\�� �:�L�W�K �L�Q��
�F�U�H�D�V�L�Q�J �1�D�&�O �F�R�Q�F�H�Q�W�U�D�W�L�R�Q�� �W�K�H �D�S�S�H�D�U�D�Q�F�H �R�I �P�X�O�W�L�S�O�H �L�Q�W�H�Q�V�L�W�\ �P�R�G�X�O�D�W�L�R�Q�V �I�R�Uq < 0:1 �Q�P�í1

�D�Q�G �W�K�H �V�P�H�D�U�L�Q�J �R�I �W�K�H �V�K�D�U�S �:�$�;�6 �W�D�L�O �S�D�F�N�L�Q�J �G�L�I�I�U�D�F�W�L�R�Q �S�H�D�N�V �D�U�H �F�R�Q�Q�H�F�W�H�G �Z�L�W�K �W�K�H �U�L�E�E�R�Q �W�R
�F�R�F�K�O�H�D�W�H �W�U�D�Q�V�L�W�L�R�Q���%���&�R�F�K�O�H�D�W�H �V�X�U�I�D�F�H �F�R�R�U�G�L�Q�D�W�H�V �X�V�H�G �L�Q �P�R�G�H�O�O�L�Q�J�� �1�R�W�H �W�K�H �O�D�P�H�O�O�D�U �V�S�D�F��
�L�Q�JD �E�H�W�Z�H�H�Q �H�D�F�K �R�Y�H�U�O�D�S�S�L�Q�J �O�D�\�H�U �R�I �W�K�H �V�F�U�R�O�O���O�L�N�H �V�W�U�X�F�W�X�U�H �L�Q �W�K�H �F�U�R�V�V �V�H�F�W�L�R�Q �Y�L�H�Z �R�I �W�K�H
�F�R�F�K�O�H�D�W�H���&���%�D�F�N�J�U�R�X�Q�G���V�X�E�W�U�D�F�W�H�G �L�Q �V�L�W�X �6�$�;�6 �G�D�W�D �I�R�U �� �P�0 �&16�. 1 �D�V �W�K�H �1�D�&�O �F�R�Q�F�H�Q�W�U�D�W�L�R�Q
�L�V �L�Q�F�U�H�D�V�H�G �I�U�R�P �� �W�R ���� �P�0�� �7�K�H �G�D�W�D�V�H�W�V �D�U�H �D�J�D�L�Q �R�I�I�V�H�W �Y�H�U�W�L�F�D�O�O�\ �I�R�U �F�O�D�U�L�W�\�� �7�K�H �S�R�V�L�W�L�R�Q �R�I
�I�L�U�V�W���R�U�G�H�U �V�P�D�O�O���D�Q�J�O�H �G�L�I�I�U�D�F�W�L�R�Q �S�H�D�N�V ��0:1 < q < 1 �Q�P�í1 �� �L�V �X�V�H�G �W�R �G�H�W�H�U�P�L�Q�H �W�K�H �L�Q�W�H�U�E�L�O�D�\�H�U
�V�S�D�F�L�Q�JD �L�Q�V�L�G�H �W�K�H �F�R�F�K�O�H�D�W�H�V���'�� �6�$�;�6���G�H�U�L�Y�H�G �L�Q�W�H�U�E�L�O�D�\�H�U �V�S�D�F�L�Q�J �L�Q �W�K�H �F�R�F�K�O�H�D�W�H�V �Y�D�U�L�H�V
�O�L�Q�H�D�U�O�\ �D�V �D �I�X�Q�F�W�L�R�Q �R�Ic�í1/2 �� �Z�K�H�U�Hc �L�V �1�D�&�O �P�R�O�D�U �F�R�Q�F�H�Q�W�U�D�W�L�R�Q�� �7�K�H �V�R�O�L�G �E�O�D�F�N �O�L�Q�H �L�V �W�K�H �E�H�V�W
�I�L�W �Z�L�W�K �H�T�X�D�W�L�R�Q��D (�Q�P) = 6 :40 + 2:05 � c�í1/2 �� �(�� �7�K�H�R�U�H�W�L�F�D�O �I�L�W �W�R �W�K�H �L�Q�W�H�U�E�L�O�D�\�H�U �V�S�D�F�L�Q�J �X�V�L�Q�J
�W�K�H �+�H�O�I�U�L�F�K �3�U�R�V�W �P�R�G�H�O �G�H�V�F�U�L�E�H�G �L�Q �W�K�H �W�H�[�W ���V�H�H�$�����I�R�U �P�R�U�H �G�H�W�D�L�O�V����

���������� �&�R�F�K�O�H�D�W�H �&�K�L�U�D�O �$�V�V�H�P�E�O�\ �(�Q�H�U�J�H�W�L�F �0�R�G�H�O

�:�H �G�H�Y�H�O�R�S�H�G �D �W�K�H�R�U�H�W�L�F�D�O �P�R�G�H�O �W�R �U�D�W�L�R�Q�D�O�L�]�H �W�K�H �R�E�V�H�U�Y�H�G �F�R�F�K�O�H�D�W�H �I�R�U�P�D�W�L�R�Q�� �3�U�H�Y�L�R�X�V �W�K�H��

�R�U�H�W�L�F�D�O �V�W�X�G�L�H�V �K�D�Y�H �V�K�R�Z�Q �W�K�D�W �P�H�P�E�U�D�Q�H�V �R�I �F�K�L�U�D�O �P�R�O�H�F�X�O�H�V �Z�L�O�O �H�[�S�H�U�L�H�Q�F�H �D�Q �R�X�W���R�I���S�O�D�Q�H



����

�E�H�Q�G�L�Q�J �I�R�U�F�H �>���� ������ ������ �@ �L�I �W�K�H �P�R�O�H�F�X�O�H�V �D�U�H �W�L�O�W�H�G �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H �E�L�O�D�\�H�U �Q�R�U�P�D�O�� �%�U�L�H�I�O�\�� �E�H��

�F�D�X�V�H �R�I �F�K�L�U�D�O�L�W�\�� �W�K�H �P�R�O�H�F�X�O�H�V �G�R �Q�R�W �S�D�F�N �S�D�U�D�O�O�H�O �W�R �H�D�F�K �R�W�K�H�U�� �E�X�W �H�[�K�L�E�L�W �D �W�Z�L�V�W �Z�L�W�K �U�H�V�S�H�F�W

�W�R �W�K�H�L�U �Q�H�L�J�K�E�R�U�V�� �7�K�L�V �U�H�O�D�W�L�Y�H �R�U�L�H�Q�W�D�W�L�R�Q �F�R�Q�V�W�U�D�L�Q�W �D�Q�G �W�K�H �F�R�Q�V�W�U�D�L�Q�W �R�I �D �S�U�H�I�H�U�U�H�G �W�L�O�W �D�Q�J�O�H

�Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H �E�L�O�D�\�H�U �Q�R�U�P�D�O �F�D�Q �E�H �V�L�P�X�O�W�D�Q�H�R�X�V�O�\ �V�D�W�L�V�I�L�H�G �E�\ �V�K�D�S�H�V �H�[�K�L�E�L�W�L�Q�J �F�\�O�L�Q�G�H�U���O�L�N�H

�F�X�U�Y�D�W�X�U�H�� �V�X�F�K �D�V �F�O�R�V�H�G �W�X�E�H�V�� �,�Q �T�X�D�O�L�W�D�W�L�Y�H �D�J�U�H�H�P�H�Q�W �Z�L�W�K �W�K�H�V�H �W�K�H�R�U�L�H�V�� �6�$�;�6���:�$�;�6 �P�H�D��

�V�X�U�H�P�H�Q�W�V �V�K�R�Z �W�K�D�W �D�W �K�L�J�K �V�D�O�W �F�R�Q�F�H�Q�W�U�D�W�L�R�Q�V�� �F�R�F�K�O�H�D�W�H�V �D�U�H �I�R�U�P�H�G �I�R�U ���O�H�I�W���K�D�Q�G�H�G�� �/�� �D�Q�G

���U�L�J�K�W���K�D�Q�G�H�G�� �'���&16�. 1 ���)�L�J�X�U�H�������$���� �8�Q�G�H�U �L�G�H�Q�W�L�F�D�O �F�R�Q�G�L�W�L�R�Q�V�� �S�O�D�Q�D�U �E�L�O�D�\�H�U�V �D�U�H �R�E�V�H�U�Y�H�G �I�R�U

�D �U�D�F�H�P�L�F �P�L�[�W�X�U�H �������� �P�L�[�W�X�U�H �R�I �/�� �D�Q�G �'���&16�. 1�� ���)�L�J�X�U�H�������%���� �)�X�U�W�K�H�U�P�R�U�H�� �P�R�O�H�F�X�O�D�U �F�K�L�U�D�O�L�W�\

�L�Q�G�X�F�H�V �F�K�L�U�D�O�L�W�\ �L�Q �W�K�H �D�V�V�H�P�E�O�L�H�V �D�W �D�O�O �O�H�Q�J�W�K �V�F�D�O�H�V�� �$�W �W�K�H �Q�D�Q�R�V�F�D�O�H�� �W�K�H ���' �O�D�W�W�L�F�H �I�R�U �W�D�L�O �S�D�F�N��

�L�Q�J �L�V �R�E�O�L�T�X�H ���>���� �@���� �D�Q�G �D�W �W�K�H �P�H�V�R�V�F�D�O�H �W�K�H �F�R�F�K�O�H�D�W�H�V �K�D�Y�H �D �V�F�U�H�Z���O�L�N�H �K�D�Q�G�H�G�Q�H�V�V ���)�L�J�X�U�H
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