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ABSTRACT

Phases and Actuation of Superparamagnetic Soft Matter

Chase Austyn Brisbois

External manipulation of soft matter underlies a multitude of advancements in far-
from-equilibrium materials. The application of magnetic fields has proven tremendously
beneficial due to its ability to impart rapid and precise changes throughout soft magnetic
systems. This has led to scientists and engineers to develop composite materials that
take advantage of the characteristics of soft condensed matter with those of magnetic
nanoparticles to achieve novel properties not possible in the absence of a magnetic field.
Using a combination of theory, experiments, and simulation, we describe how magnetic
fields affect the state of distinct colloidal nanostructures composed of superparamagnetic
particles suspended in a liquid environment. This dissertation is composed of two parts
that each investigate a superparamagnetic system first with a static field and then with
a dynamic field. Part One focuses on magnetoelastic membranes in precessing magnetic
fields. In the fast precession regime, we uncover buckling mechanisms that affect mem-
brane actuation. By lowering the precession frequency, we found dynamic steady-states

where membrane locomotion could be achieved. In Part Two, we explore the effects of



magnetic fields on magnetic crystal phases and morphology. We show how magnetic cou-
pling directly affects the morphology of superparamagnetic rods in static magnetic fields.
Driving such rods to precess will impart positional ordering to a layered (smectic) liquid
crystal phase. In these works, we have striven to develop simple mathematical relation-
ships between pertinent system properties and dimensionless control parameters in order

to confer physical intuition to the reader.
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Magnetoelastic membranes under precessing magnetic elds. (A)
Magnetic elds precess at an angle around the Z axis. (B) A
membrane composed of hexagonally-packed superparamagnetic colloids
possessing 3 bending axes (red arrows) with magnetic moment
precessing with the eld. Time-averaged interaction potential
hUgi; / (3cog 1)(3cog  1)=r3, wherer is the distance between
the particles and is the angle between the center-to-center vector
and the precession axis. (C) Small-angle precession<( ; > 0).
A schematic cross-section of a membrane shows preferred dipole
orientation which interact with the potential hUgi;. (D) Schematic of a
membrane minimizing its bending energy by adopting a single \arch".
Each edge has lengtl., where two parallel boundaries are separated by
a distanceL. (E) A membrane with opposite boundaries at a distance
L. Each boundary is rotated by in opposite directions for a total
angle of 2 . The midpoint of each boundary is stationary and de nes
a centerline that remains perpendicular to the magnetic eld precession
axis. (F) Large-angle precession & ; < 0). This leads to a change

in the membrane's magnetic modulus which depends on the angle of
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precessionm( )/ (3cog 1). Cross-section of a membrane shows an

alignment of rotating dipoles interacting with the potential Ui . 36

E ect of boundary separation on an elastic membrane with no external
eld ( =0). (A) Under a uniform compression (=L, = 0:8) on
opposite, sti boundaries (blue), the strain related to the in-plane
deformations is released via a buckling transition where the membrane
adopts a symmetric arch shape. The edges that de ne the boundary
separation are colored blue. (B) Total membrane energy obtained from
molecular dynamics (MD) simulations as the distancel., between
opposite boundaries changes. The total membrane energy (in units of

KT) is normalized to the total number of colloids,N. The colloids are

modeled as 10 nm particles under room temperature. 44

Shifted components of the total membrane energy in the absence of a
magnetic eld: bending energy, stretching energy, and soft core particle
repulsion (Weeks-Chandler-Anderson force) for (A) membrane boundary

separation and (B) twisting. 45

In uence of boundary separation on magnetoelastic membranes. Total
membrane energy as a function df obtained via MD simulations. The
results show membrane contraction under (A) small-angle magnetic
eld precession ( > 0) and expansion under (B) large-angle precession
( < 0). Curves are shifted by the value of the energy (in units &T)

at L=L, =1, ;, for clarity and normalized by the number of colloids,

N. (C) Calculated membrane total free energy from continuum
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mechanics with > 0 and < 0. Free energy curves are shifted by
Fi;i = 1;2, the values atL=L, = 1, for clarity and normalized to

the bending modulus. (D) Snapshots of membrane con gurations at
boundary separationL=L, = 0.5, 0.75, and 0.90 (2 = 0) at under

di erent values of . Field precession at < causes secondary
buckling of the free membrane edges which is re ected by the brake in
the slope of the free energy curves at= 150 and 300. The edges that

de ne the boundary separation are colored blue. 48

Application of magnetic eld breaks membrane symmetry. (A) MD
simulation data for the transition between symmetric and asymmetric
membrane con gurations as a function of and L=L,. Above the

critical values ofj j, only asymmetric con guration exists. (B)
Membrane pro les found by analytical methods for =100 and 100
(L=L, =0:75). 50
Pro le curves for the symmetrical £, = 0) analytical solutions to a

magnetoelastic membrane at various positive and negative values of 50

Schematic drawing of a membrane showing the angle that the local
tangent vector e, makes with the precession axiZ. The membrane

edges which are parallel to theX axis are xed. 51

E ect of boundary rotation on an elastic membrane with no external
eld ( =0). (A) Total membrane energy (in units of kT) normalized
by the number of colloids,N obtained from molecular dynamics (MD)

simulations as the total angle, 2, between boundaries changes with
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constant separation (=L, = 0:5). (B) MD simulated membranes show
the conformational transition as the angle between sti, separated
boundaries (blue) increases (images represent 2 0;45;90,
respectively). The membrane undergoes a conformational transition
at some threshold value of 2' 70 to relieve accumulated stretching

strain causing the formation of a hysteresis. 51

In uence of boundary rotation on magnetoelastic membranes. MD
simulations results for membrane energy as a function of 2the
twisting angle of two opposite membrane edges, &tLy = 0:5, and for
several values of (A) > 0 and (B) < 0. Membranes resist twisting
at small 2 under small-angle magnetic eld precession & 0) and
for all rotation angles under large-angle precession€ 0). The solid
lines represent rotation from 2 =0to 2 =90 and the dashed lines
represent the reverse path back to 2= 0. There exists a threshold
value of above which the hysteresis from rotation disappears, green
and magenta curves. Curves are shifted by the value of the energy
(in units of kT) at 2 =0, ;, for clarity and normalized by the
number of colloids,N. Energy is given in the Lennard-Jones units. (C)
Membrane free energies from CM calculations as a function of 2or

> 0 and < 0. Free energy curves are shifted bly;, the free energy
values at 2 = 0, for clarity and normalized to the bending modulus.

(D) Snapshots of the membrane con gurations at = 0;45;90,
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respectively, under di erent values of (L=L, = 0.5). The edges that

de ne the boundary separation are colored blue. 52

Components of the total membrane energy in the presence of a magnetic

eld: dipole interaction energy, bending energy, stretching energy, and

soft core patrticle repulsion for (A) =150, (B) =1200,(C) = 12,
and (D) = 96. For clarity, energy curves are shifted and error bars
on reverse curves are omitted. 53

Numerical calculations for the total bending energy of a membrane with
three bending axes at various curvatures. We t the continuum bending

constant, ea 26, to thisline,E = ca=R. 53

Values for the shifted energy constants used in Figure 2.4 and 2.9 as a

function of . 54

An image of a truncated magnetoelastic membrane in a precessing
magnetic eld. The degree of truncationS = h=2R, whereh is the
sagitta length of the removed circular segment, an is the membrane
radius, determines membrane symmetry. The magnetic eltf precesses
at the angle around the z axis with a phase given by = !t , where!

is the precession frequency andis time. The eld induces a transverse
wave along the membrane perimeter with amplitudé\, measured from
the x-y plane. Coloration indicates z position as shown by the color bar

on the left. 57
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A circular magnetoelastic membrane in a precessing magnetic eld.
(a) Transverse waves propagate around the membrane above a critical
frequency ( > ! ) with negligible membrane rotation, highlighted by
the black colored colloid. Coloration indicates z position as shown by
the color bar in the top right corner. (b) A schematic plot showing

the phase diagram of a membrane. Above the dotted black curve, the
‘wobbling' membrane remains perpendicular to the precession axis and
possess the rotational waves from (a). The wave amplitude maximizes
just before the transition. Below this curve, the membrane buckles and
rotates asynchronously with the eld, hence "dancers'. (c) The bending
sti ness controls the shape of the rotational waves. The black arrows
indicate the direction of wave propagation along the perimeter (thick

arrow) and radially toward the membrane center (thin arrow). 58

The synchronous-asynchronous (wobbler-dancer) transition frequency
I . for a magnetoelastic membrane. (a) Molecular dynamics calculation
of I . as a function of the eld precession angle. The solid and dashed
lines indicate a dipole magnitude of =2 and = 1, respectively. The
inset shows the dimensionless transition frequendéy=, where is the
membrane's characteristic rotation frequency. The green-dashed line
represents the theoretical transition at .= =2 = , which, near =90 ,
is independent of bending stiness ( = 1, orange. = 100, blue/red).
The black squares show the transition calculated from lattice-Boltzmann

simulations. (b) Supercritical and subcritical behavior of the total
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energy U (magnetic + bending) in units of . The precession frequency
is close to the critical frequency, @29<! . < 0:030 ( = 80 ). Fourier

transform of the rotational wave amplitude (bottom). 64

Fluid ow around a magnetoelastic membranes in the \wobbler" regime.

The top images show the total force vector for each colloid (blue arrows)
alongside the dipole orientation (cyan arrows) for a precessing eld

( =1, =70,! =0.1). The bottom images show streamlines around

the membrane, where the color indicates ow speedal (a) A snapshot

of a circular membrane. (b) Two snapshots of a truncated circular

membrane separated by a shift in the eld precession =1t =6 =5. 67

Actuation drives circular locomotion of truncated magnetoelastic
membranes through a viscous uid. (a) The average rotational
(\wobble") wave amplitude A,.q, scaled by the membrane radiug,
depends inversely on the magnetoviscous parametér. Data points
from lattice Boltzmann simulations are compared to our analytical
model (solid blue line). The coloration of the simulation data notes
the degree of truncationS. The inset shows the variation inA= over
time based on membrane geometryS(= 0.05, black; S = 0.5, gray),
where is the colloid diameter. (b) The path taken by a membrane in
a precessing eld. The arrow indicates the travel direction with velocity
V. The inset shows the radius of this path as a function ofS. (c) The
membrane velocity is proportional toA2,, / (! ) ? and scales with

avg

S3% due to changes in the length of the membrane perimeter. The data
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point shapes are coded by the membrane radiuR (= 7, triangle; R =
9, square;R = 12, circle). The blue line shows our analytical prediction
(slope = 1.0). The inset shows the continuous inversion symmetry

measure for a at truncated membrane. 69

A two-step magnetic eld directs a swimming membrane along a path.
(a) First, a membrane wobbler moves under a precessing magnetic
eld. After it rotates a half-turn (#1), the precession switches to a fast
frequency at = =2 while the axis rotates to ip the membrane (#2).
(b) We de ne the angles that the normal vectorn and the truncation
vector S make with the x axis as , and s, respectively. (c) The path
in conformation space over the two-step eld. (c) Repeated cycles from
(a) move the membrane against the Brownian motion of a thermalized
uid. The upper panel shows the motion of the membrane in the-y
plane. The black arrow indicates the direction of motion. The lower

panel shows the displacement in the direction. 75

Molecular dynamics snapshot of a 1:1 stoichiometry mixture of
complementary DNA-coated superparamagnetic nanoparticles in a
magnetic eld pointing to the left. Each particle has a dipole moment
of (a) 0.0, (b) 0.5, and (c) 0.9. Colors represent single crystals of

nanoparticles. 90

Normalized potential energy curves for a square prism crystal as a

function of crystal aspect ratio (AR). The inset shows how increasing the
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ratio between eld and surface energy density increases the equilibrium

AR of the crystal. 92

Estimate for the magnetic contribution to the surface energy for (100),
(110), and (111) surfaces of magnetically saturated 20 nm magnetite

nanoparticles. 93

a) Schematic showing how magnetic coupling between individual
superparamagnetic particles, ;, and the DNA hybridization interaction
strength, "pna , between complementary particles a ect system
morphology. b) Radial pair distribution plots with increasing”pya - C)
Mismatch probability between complementary particle types increases
with increasing magnetic eld. d) The change in the e ective magnetic
coupling between clusters, ¢ , as cluster diameter grows (in lattice
parameter units). €) The aggregation parameter with increasing cluster
diameter (in lattice parameter units). f ) The magnetic coupling
between two clusters of equal sizes,ss , normalized by the magnetic
coupling between individual particles, ;. g) Calculation of the diameter
of a cluster at the onset of chain formation given the initial magnetic
coupling. It follows the scaling lawdess 11:3. This gure is adapted

from Park et al. [80] 94

(left) Scanning tunneling electron microscope image of a rod under a
3800 G eld, assembled from (left) 20 nm R, nanoparticles, scale

bar: 500 nm and (right) 10 nm FgO,4 nanoparticles, scale bar: 2um. 95
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An image of the title page for Hasy essay on his theories for crystalline
solids. On page 21 he states the beginning of his construction: \...avec
une multitude de petits cubes, une pile quadrangulaire egulere, c'est-
a-dire, compose de couches qui aillent en cecroissant uniformrement de
la base au sommet." Translating this as: \ ...with a multitude of small
cubes, a regular quadrangular pile, that is to say, composed of layers

which decrease uniformly from the base to the top." [117] 96

Hauay construction of a dodecahedron using cubes. Image from Wolfram

[118]. 97

Precession of a superparamagnetic rod. (a) Schematic for a magnetic
eld H precessing around the z-axis at a precession angleA rod
composed of a sti chain of superparamagnetic particles (blue) of
diameter are coated by a non-magnetic material (orange); the coating
determines its aspect ratiol=d. The rod orientation is measured by

its angle to the precession ) axis. (b) The external eld H drives
rod precession for =20 and 50. As the eld precession frequency

I increases, decreases. The blue shaded region highlights when the
di usion time over the rod area is less than the precession period.
(inset) The reduced frequency at which = =2 as a function for

simulated (red) and theory (green dash). 110

(a) The magnetic coupling ( 1=c®) decreases as the distance between

dipoles ( =1 (red) and 2 (green)) increases. (a, inset) The orientational
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order of magnetic rods as increases with error bars representing one
standard error in the order. (b) Steric MD model, that assumes small

, Where the red bead is the centre of precession for a rod=@ = 8)

and the white beads Il the skin of a double-cone matching the rod
precession angle. (c) The smectic order of the steric model at various
precession angles showing how increasingdecreases the transition
density. Shaded areas represent one standard error. (d) Steric model in

the smectic phase; for clarity, only the red centre beads are shown. 112

(a) Magnetic MD model below (left) and above (right) the nematic-
smectic transition ( =20 , ! °=0:2). (b) The smectic order and rod
angle for the magnetic MD model as the system densityd * increases.

(c) The phase diagram separating the nematic and smectic regions. The
orange data is the strong precession model and the black squares denote
the observed transition from the magnetic MD model, with green and

blue highlight snapshots from (a). 114

A (50% cyanl=d = 4: 50% red |=d = 8) binary mixture of rods in the

smectic regime, centres shown for clarity. 115

(a) A membrane petal with intrinsic curvature, left, can be opened with
a large-angle precessing eld, right. (b) A square membrane forced to lie
in along the precession axis, will curl similar to laments in a precessing

eld. (c) Closed membrane spheres, left, will deform in the presence of
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a large-angle precessing eld, middle, and a small-angle precessing eld,
right. 119
Various membrane shapes in large-angle precessing eld. The color
shows displacement in the direction of the precession axis. 121
Colloidal crystals in a rotating magnetic eld with various numbern

and dipole ratios ratios. 122
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CHAPTER 1

Introduction to Superparamagnetic Soft Matter

Humanity has been aware of the power of magnetic elds since the rst archaic lode-
stones was picked up o the ground. Modern knowledge of physics allows us to understand
that these rocks have been magnetized, usually, and most theatrically, from the intense
magnetic elds generated from lightning strikes [1]. One can almost imagine the fantastic
awe an ancient hominid would feel to witness such an event. Lodestones attracted pins of
iron and allowed them to be used in compasses for navigation. It is no wonder that such
minerals were incorporated into pendants and talismans in an attempt to in uence the
external world, though such endeavors mostly focused on curing or preventing diseases
[2]. Unfortunately, without a scienti ¢ understanding of the underlying phenomenon, the
full potential remained elusive. It wasn't until William Gilbert of Colchester published
De Magnetein 1600 that humanity began to appreciate and understand natural magnets
in a comprehensive, and scienti cally rigorous manner [3]. Over four centuries later, con-
temporary knowledge of magnetic materials has broadened widely giving us access to a
level of technological control not even dreamed by the healing shamans of yore.

Bulk magnetic materials, such as magnetite, possess many magnetic domains. Each
magnetic domain is a small volume where the magnetic dipoles of all the atoms or
molecules are aligned in the same direction. Many ferromagnetic materials do not ap-

pear magnetic because these domains are antiparallel, or otherwise randomly oriented,
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canceling out the net magnetic eld generated by the collective dipoles within each do-
main. The entire material can be magnetized by applying an external magnetic eld,
which reorients these domains. However, the energy needed to do this is typically large
and the material is left with a residual magnetization when the external eld is turned

o . If the particle is small enough, typically less than 100 nm, it will contain a single
domain whose dipole can be ipped from thermal energy alone. In technical terms, the
Nl relaxation time of the dipole is much shorter than magnetization measurement time.
This phenomenon is called superparamagnetism. In the absence of a magnetic eld, these
particles have no net magnetization, but bene t from a large magnetic susceptibility with
high magnetic saturation.

Superparamagnetic nanoparticles have wide-reaching scienti ¢ and technological ap-
plications. They are actively researched for their magnetic properties and are used
in nanomedicine, actuators, photonics, and industrial applications. Their applications
broadly depend upon their arrangement within matter based on their connectivity in
space: 0-D (ferro uid), 1-D ( laments), 2-D (membranes), and 3-D (bulk actuators/crystals).
This dissertation will touch on the properties inherent in all four connectivities. We split
this thesis into two parts: In Part 1 (Chap. 2 and 3), we focus on the actuating and
swimming properties of magnetoelastic membranes, and, in Part 2 (Chap. 4 and 5), the
morphology of colloidal magnetic crystals assembled from individual nanoparticles and
sti nanorods. Each Part is broken into two chapters. The rst chapter will involve
a static (or quasi-static) magnetic eld which will inform the time-dependent dynamics

induced by a precessing magnetic eld in the next chapter.
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Part 1: Magnetoelastic Membranes

Of the four arrangements of superparamagnetic matter previously mentioned, 2-D
sheets are the least studied due to challenges in their synthesis. However, the few exper-
imental studies have suggested that the physical properties of magnetic sheets introduce
new functionality not possible with other 0-D, 1-D, or 3-D arrangements such as dynamic
encapsulation of catalysts/drugs, and 2-D patterning for anisotropic mechanical proper-
ties [4, 5]. The possibility of patterning uniform arrays of membranes is of particular
interest for tailoring shape-transforming modalities. Huet al. used magnetic patterning
(i.e., arranging the orientation of imbedded magnetic particles in a pattern) as a main
mechanism for sheet swimming and encapsulation. ket al.. shows similar functionality
by patterning both the sheet shape and magnetic components. Encapsulation and swim-
ming are possible with other structures like 1-D laments or 3-D magnetoelastomers,
however, magnetic sheets hold the possibility of doing both dynamically.

Chapter 2: Membrane actuation. Achieving shape-transforming functionality in
magnetoelastic membranes requires a mastery of membrane actuation. We begin by inves-
tigating a membrane in a fast precessing eld. We show how induced magnetic interactions
a ect the buckling and the con guration of magnetoelastic membranes in rapidly precess-
ing magnetic elds. The eld, in competition with the bending and stretching of the
membrane, transmits forces and torques that drives the membrane to expand, contract,
or twist. We identify critical eld values that induce spontaneous symmetry breaking
as well as eld regimes where multiple membrane con gurations may be observed. Our
insights into buckling mechanisms provide the bases to develop soft, autonomous robotic

systems that can be used at micro- and macroscopic length scales.
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Chapter 3: Membrane swimming. The push for microscale robots necessitates lo-
comotion at the scale of bacteria. Swimming at the smallest scales must satisfy the Scallop
Theorem [6], which states that back-and-forth motion using only one degree of freedom
will not produce a net swimming velocity. While using magnetic elds to manipulate a
microrobot has many advantages, it requires that the eld satisfy this condition in order
to impart a swimming motion. For a magnetic membrane to swim, it must (1) have at
least two degrees of freedom and (2) produce a motion that moves its center of mass. We
meet the rst requirement by decreasing the symmetry of the membrane and address the
second requirement by de ning the conditions necessary to produce a non-reciprocal un-
dulation in the membrane. Beginning with a homogeneous, circular membrane, we show
that truncations of circular segments linearly increase the velocity of the center of mass
as the membrane undulates in a precessing magnetic eld. The velocity is proportional

to the membrane asymmetry, a critical design consideration for membrane robots.

Part 2: Colloidal Magnetic Crystals

Colloidal crystals have seen a great deal of development due to their mechanical and
optical properties and potential applications in photonics and sensors [7]. The properties
of a colloidal crystal depend upon the material properties of the colloid, the assembly
method, and the crystal thermal stability, symmetry and shape. Frequently, these four
aspects are closely dependent on each other. By making them independent, the properties
of a crystal can be tweaked or redesigned without overhauling the entire material system

or developing a new synthetic procedure. DNA-mediated assembly imparts control over
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almost any aspect of the crystal symmetry and thermal stability by creating an indepen-
dent shell-core system, where the DNA shell can be modi ed without a ecting the inner
core [8]. However, chemical linkers [9], like DNA, are not the only method of obtaining
crystalline order. In fact, in 1949, Onsager showed that steric interactions from particle
shape alone can transmit order in colloidal liquid crystals [10]. When using a superparam-
agnetic core, an externally applied magnetic elds can be used to induce order directia
dipole-dipole magnetic coupling or, indirectly, in the case of 1-D lamentsyia dynamic
motion.

Chapter 4: Magnetic coupling e ects in magnetic crystals. It is critical
to understand the in uence of dipole-dipole interactions and other competing forces on
the self-assembly of superparamagnetic particles. In collaboration with the lab of Prof.
Chad Mirkin, we study the assembly of superparamagnetic magnetite nanopatrticles coated
with complementary DNA. Under a static magnetic eld, the nanoparticles assemble into
elongated crystals. We explain the in uence of magnetic coupling on crystal morphology
as well as how the relative strength between DNA bonding and magnetic coupling will
alter the crystalline order. These results directly a ect how to control the order and shape
of magnetic colloidal crystals.

Chapter 5: Precession-induced ordering in magnetic liquid crystals. The
dynamic motion produced by precessing magnetic elds can drive matter into far-from-
equilibrium states. We predict 1D periodic ordering in systems of precessing rods when
magnetic coupling between rods remain negligible. The precession angle of the rods is
completely determined by the eld's precession angle and the ratio of the eld's precession

frequency and the characteristic response frequency of the rods. We develop a molecular
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dynamics model that explicitly calculates magnetic interactions between particles, and
we also simulate rods in the limit of a strong and fast precessing magnetic eld where
inter-rod magnetic interactions are negligible, using a purely steric model. As the rod
precession angle increases, the nematic-smectic transition density signi cantly decreases.
The minimization of unfavorable steric interactions also induces phase separation in binary
mixtures of rods of di erent lengths. This e ect is general to any force that produces
precession in elongated particles. This work will advance the understanding and control

of out-of-equilibrium soft matter systems.
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Part 1

Magnetoelastic Membranes
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CHAPTER 2

Magnetoelastic Membranes in Fast Precessing Fields

2.1. Introduction

External magnetic elds can readily direct the collective behavior and actuation of
magnetic colloids in order to in uence the static structure of a magnetic material as
well as control dynamic motion [11{17]. Incorporating magnetic particles into elastic
media allows for a material to bend in presence of a magnetic eld to realize accurate
locomotion and conformational control. [4, 18{21]. Superparamagnetic nhanoparticles are
ideal for actuating systems at the micro- and nanoscale because the strength and direction
of their magnetic dipole moments is directly controlled by the eld. Furthermore, they
lack a permanent dipole moment which prevents unwanted aggregation in the absence of
a magnetic eld [22{24].

Previous studies have focused on manipulating linear chains of superparamagnetic
particles, also known as magnetoelastic laments [25]. Using dynamic magnetic elds,
magnetoelastic laments have been incorporated into microswimmers [19, 26], active sur-
faces [20, 27], and gels [21, 28]. These past works have demonstrated the wide range of
functionality avaible to laments; however, we extending magnetoelastic matter into mag-
netoelastic membranes add the potential for switching between open and closed membrane
states for molecular transport or catalysis and actuating modes based on sheet buckling.

Synthesizing magnetoelastic membranes have been challenging but could be fabricated
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using existing techniques [28{30] and can use a rotating magnetic eld to align particles
into a plane.

This chapter introduces a theoretical framework for the actuation of magnetoelastic
membranes [31] under fast precessing magnetic elds. We combine analytical description,
continuum mechanics (CM) solutions and particle-based, coarse-grained molecular dy-
namics (MD) simulations to study how the precession angle, of the eld (2.1A) a ects
the con guration of a square-shaped patch of linked, superparamagnetic nanoparticles
(2.1B).

Under a eld that precesses at high frequency, the membrane conformation is qua-
sistatic with respect to precession. That is, the precession period is short compared to
the characteristic time scale for colloidal translation. Therefore, the magnetic energy of
the membrane can be obtained by time-averaging the dipole-dipole interactions over the
precession period. The time-averaged interaction potentidiJ4i;, between two rapidly ro-
tating dipoles can be approximated as the magnetic interaction energy with adependent
coupling strength. In this fast precessing regime, the behavior of an unstretchable mem-
brane patch is characterized by a single dimensionless parameter de ned as m( )L2=,
wherem( ) is the magnetic modulus,L, is the length of one edge of a square membrane,
and is the bending modulus [31]. This "magnetoelastic” parameter describes the rel-
ative strength between the magnetic and bending energy of the membrane. The angle
of precession determines the magnitude of via the magnetic modulus, which can take
positive or negative values and is zero at a critical precessing angle More explicitly, in
the case where < | the magnetic modulus is positive, (> 0, 2.1C) and negative for

> (< 0,2.1F).
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Figure 2.1. Magnetoelastic membranes under precessing magnetic elds.
(A) Magnetic elds precess at an angle around the Z axis. (B) A mem-
brane composed of hexagonally-packed superparamagnetic colloids pos-
sessing 3 bending axes (red arrows) with magnetic momentprecessing
with the eld. Time-averaged interaction potential hUgi; / (3cog

1)(3 cog 1)=r3, wherer is the distance between the particles and is
the angle between the center-to-center vector and the precession axis. (C)
Small-angle precession (< ;> 0). A schematic cross-section of a
membrane shows preferred dipole orientation which interact with the po-
tential hUqi¢. (D) Schematic of a membrane minimizing its bending energy
by adopting a single \arch”. Each edge has lengtlh, where two parallel
boundaries are separated by a distande. (E) A membrane with opposite
boundaries at a distancelL.. Each boundary is rotated by in opposite
directions for a total angle of 2. The midpoint of each boundary is sta-
tionary and de nes a centerline that remains perpendicular to the magnetic
eld precession axis. (F) Large-angle precessionX ; < 0). This leads

to a change in the membrane's magnetic modulus which depends on the
angle of precessionmn( ) / (3cog 1). Cross-section of a membrane
shows an alignment of rotating dipoles interacting with the potentiahUi .

The sign and magnitude of the magnetoelastic parameter, indicates how magnetic
particles interact with each other [32, 33]. Therefore, in uences the con guration of a
membrane. In particular, there exists critical values which mark signi cant changes in
membrane behavior. We show how changing the separation between opposite boundaries

of the membrane (Fig. 2.1D) yields a transition from a symmetric to an asymmetric
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con guration at a critical eld strength. Similarly, hysteresis present in the membrane
energy as opposite boundaries are twisted by a total angle, 2(2.1E) can either be
preserved or eliminated under weak or strong elds, respectively, allowing the membrane
to resist or promote twisting.

The magnetoelastic membrane at room temperature is simulated as a hexagonally,
close-packed monolayer of soft spheres possessing a dipole moment. Each sphere interacts
with its nearest neighbors through sti harmonic springs and angular harmonic potentials
representing the stretching and the bending of the membrane, respectively. Spheres along
the boundaries parallel to theX axis are bound to their initial position with an additional
harmonic spring potential for a prede ned distancel.=L,, and angle, . The bending of
the membrane is determined along three directions along the membrane (Fig. 2.1B, red
arrows) and uses the harmonic angle potentialJpeng = E( NN )2, where yn is the
angle three spheres make along one bending direction, ands the bending constant. To
prevent the membrane from moving through itself, we add the repulsive Weeks-Chandler-
Andersen (WCA) potential to all spheres. For the magnetic interactions, each sphere pos-
sesses a point dipole with the potentialgipoe = 72 %(*i *j) %(*i r*ij )( *j r*i,- ),
where ¢ is the magnetic permeability of free spacé, is the magnetic moment and*i,-
is the displacement vector between spheres. The total energy of the membrane is de-
termined as the sum of each potential and the kinetic energy. Assuming the spheres
represent 10 nm particles, the magnitude of the dipole moment represents typical values
for superparamagnetic materials (20 { 140 Afikg). For particles in water at 25 C, the

required frequency is 1 MHz. The required precession frequency to meet the quasistatic
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condition for the time-averaged interaction potential scales as 3 [21], so as the

particles increase in size, the required frequency decreases rapidly.

2.2. Methods

2.2.1. Molecular Dynamics Simulations

The membrane is coarse-grained into a close-packed monolayer of soft spheres with a dipole
at their centers. Each sphere is connected to its nearest neighbors by a sti, harmonic
bond as well as an angular harmonic potential along the three directions each sphere
makes with its neighbors. These de ne the stretching and bending of the membrane. The
energy of the elastic bonds are given by the deviation from an equilibrium value equal
to the particle diameter, Upong = KE(rij )2, where K is the bond sti ness, rij is the
distance between neighboring spheres; = j?i Fjj, and is the diameter of a sphere.
The bending of the membrane is determined using three directions along the membrane
(Fig. 2.1B, red arrows). Despite this discretization, the bending energy is not sensitive to
the bending axis (Fig. 2.11). In these directions, the bending energy is determined using
a harmonic angle potential,Uyeng = E( NN )2, where yy is the angle between two
bonds along one of the three bending axis, and which share a common sphere, arisl
the bending constant. To prevent the membrane from moving through itself, we add the
Weeks-Chandler-Andersen (WCA) potential [34] between adjacent spheres de ned as

8
24102 () forr 2

(21) UWCA = B
T 0 forr> 216 :
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where is the characteristic energy of the system, andis the distance between spheres.
The magnetic dipole interaction is modeled by giving each sphere a point dipole that

interacts according to

1 * * 3 * * * *
(2.2) Udipole = 4—0 S0 ) S0 )y ) s
ij 1]

where ¢ is the magnetic permeability of free spacé, is the magnetic moment and*ij 5
the displacement vector between colloids. The total energy of the membrane is determined

as the sum of each potential

X
(2-3) Utotal = UWCA + Ubond + Ubend"’ Udipole;

i
and the kinetic energy of the system. The colloids along the boundaries parallel to the
X axis are bound to their initial starting position with an additional harmonic potential,
Upona, Wherer;; is simply the distance from its origin in space, and = 0.

The initial positions of the spheres in the membrane are determined by de ning the
boundary conditions (i.e. the boundary rotation, separation, and number of spheres at
the boundaries), and then, if necessary, apply a static magnetic eld. First, the number
of beads on each edge is chosen. All simulations udg = 41 beads in the X direction
and Ny = 47 in the Y direction. This de nes the edges of the undistorted membrane,
LY = Nx landLy= (ID 3=2)(N, 1), leading to a square membrane. By choosing a
boundary rotation angle, , and boundary separation (fractional distance between edges),
S, the projection of the initial membrane onto theX Y plane forms a rectangle with

dimensionsL, and Ly whereL, = LY cos(2 ) and Ly = CL;’. This area is lled in with
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N, alternating rows of N, and Ny, 1 spheres to create a hexagonal lattice and gives
the undistorted, at membrane 2-fold symmetry. Next, thez position for each sphere is
found with the following equation:

_ L x 2 L _ L
(2.4) z=(x 7)tan[|_—y(y Ey)] Zosinlly =2)— =]

where ;y;z) is a sphere's coordinate in space, is half the angle between the bound
edges, andZ, is a parameter that dictates wave height (set to 10).

The initial orientations of the dipole moment is irrelevant because the eld should be
su ciently strong to dominate the torque on each dipole. For all simulations, the initial
orientations are random. For the large-angle precession simulations, the membrane is
subjected to a static magnetic eld in theY direction to initialize the membrane into its
lowest energy con guration. If this is not done, the membrane would temporarily adopt
a high energy, symmetric con guration. During the boundary separation and rotation
simulations, the membrane edges move in steps of 1 degree and Q.Q2Eespectively, and
allowing the membrane to relax at each step.

All MD simulations use reduced units and set the temperature, sphere mass, sphere
diameter, and4—° to 1. Each sphere is linked to its nearest neighbors as a harmonic spring
with a force constant of 500 and equilibrium distance value of 1. Thermal energy is main-
tained using a Langevin thermostat with a damping parameter set to 0.1. The harmonic
angle bending constant is set to 20. The external magnetic eld, for the separation and
twisting simulations, is set to 1000 while the magnitude of the dipole moment is varied
between 0.257 and 1.818. The transition simulations for the symmetric and asymmetric

membrane con gurations are performed by varying bending constants to changeather
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than the magnetic dipole moment, set to 2.874. The asymmetry of the membrane is mea-
sured by comparing the averagg position of each sphere to the midpoint between the
boundaries. The dipole-dipole interactions are calculated up to a cuto distance of 8
Membrane energy is normalized by the number of particles, N = 1904. The molecular
dynamics simulations use the open source package LAMMPS [35] and visualized with

VMD [36].

2.2.2. Continuum Elastic Model

The continuum elastic model was formulated and solved numerically by Prof. Mykola
Tasinkevych (U. Lisbon). The details can be found in our paper [37], but we will brie y
describe it here. The membrane is represented by a 2-D surface passing thought the
centers of the superparamagnetic particles The undeformed conformation is a at square
with area Ay = L. The location of each particle is triangularized using the BL2D mesh
generator [38]. The model takes the total free enerdy of a magnetoelastic membrane
as a sum of the stretchingFs, bending, F,, and magnetic,F,, terms. It is numerically
minimized with respect to the in-plane stretchingu(x;y) and vertical deformationh(x;y)
[39].

The magnetic energy in a fast precessing eld implies that the colloidal displacement
is much slower than the eld precession period. As a result, we time-average the magnetic

energy between nearest neighbors and obtain

(2.5) Fo=p  dSm() o di(e 2)e 2) ;
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whereS is the surface? is the precession axis, and’ are components of the inverse of the
metric tensorg; = (€ ¢), ande; @X are the membrane tangent vectors, dependent
on the position vectorX . The last term needing de nition is the magnetic modulusn( ),
which depends on the precession angle

3, 2
4 1 12

(2.6) m( )= (3cog  1);

where, is the magnitude of the magnetic dipoles and | is the particle bond separation.
The elastic contributions are a sum of the in-plane stretching and out-of-plane bending
terms. The stretching deformations are associated with the free energy cost

Z
(2.7) Fe= d?r 2uju; + U
Sref

NI =

where and are the 2-D Lane coe cients, the strain tensor u; = % Q@Qu; + @Qu; +
(@QuK)(@Quy) + (@n)(@h) , h(x;y) is the height over the reference plane. The bending
free energyF, of a membrane may be expressed in terms of its twice mean curvatuie
Gaussian curvatureK :

Z

1
(2.8) Fp= ds EH 2+ oK
Sref

wheredS is the area element, and ¢ are the bending and Gaussian rigidities, respec-
tively. Weset = ,and g = [40]. This implies that the 2-D Young's modulus is
2 :p 3, where is the microscopic stretching constant, and the bending rigidity ig 3e 2,

wheree is the microscopic bending constant.
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2.2.3. Analytical Solution of Unstretchable Magnetoelastic Membrane

Two analytical solutions of a continuum model were found by Prof. Pablo Vazquez-
Montejo (U. Aubnoma de Yucatn). Like in the previous section, the details can be found

in our paper [37], but we will brie y describe it here. The membrane is parametrized by
its arc length | and can be determine by a 2-D pro le curve [41] described in Cartisian
coordinatesX (x;1) = x® + y()¢ + z(1)2, see Fig. 2.7. The total energy of the membrane

R
is given byH = L dIH , where

—_ l 2
H = 5 - m cog
(2.9) Fy(y sin) Fy(z cos);

where and m are the bending and magnetic modulF, and F, are Lagrange multipliers

and are found to be constants [42, 43]. The resulting quadrature for is
(2.10) > k _% +mcos’ Fysin  F,cos = c;

wherec is a constant of integration. In order to solve Eq. (2.10), appropriate boundary
conditions must be determined and are described in our publication [37]. The rst solution
results from assuming left-right symmetry and implies that the force is directed along the
Y axis,F = Fy and F, = 0. The pro les obtained from these contions are shown in Fig.

2.6. For a nite vertical force, F, 6 0, Eq. (2.10) becomes asymmetric as seen in Fig.

2.5.
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Figure 2.2. E ect of boundary separation on an elastic membrane with no
external eld ( = 0). (A) Under a uniform compression (=L, = 0:8) on
opposite, sti boundaries (blue), the strain related to the in-plane defor-
mations is released via a buckling transition where the membrane adopts
a symmetric arch shape. The edges that de ne the boundary separation
are colored blue. (B) Total membrane energy obtained from molecular dy-
namics (MD) simulations as the distancel., between opposite boundaries
changes. The total membrane energy (in units &T) is normalized to the
total number of colloids,N. The colloids are modeled as 10 nm particles
under room temperature.

2.3. Results and Discussion

2.3.1. Magnetoelastic membranes under linear compression

In order to understand the aect of a precessing eld on the linear compression of a
magnetic membrane, we rst must understand the case for a purely elastic membrane.
When two sti boundaries of a square membrane are brought together, the adjacent
exible boundaries will bend to relieve the relatively high energetic cost of in-plane elastic
deformation and the equilibrium state is a single arch (Fig. 2.2A). The energy curve is
proportional to the membrane curvature and decreases linearly until reaching its smallest
value at L = L, (Fig. 2.2B). The total membrane energy is therefore dominated by
bending interactions, with negligible changes in stretching or self-interaction (Fig. 2.3,

top). Therefore, there is constant bending force acting on the boundaries of a compressed
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Figure 2.3. Shifted components of the total membrane energy in the absence
of a magnetic eld: bending energy, stretching energy, and soft core particle
repulsion (Weeks-Chandler-Anderson force) for (A) membrane boundary
separation and (B) twisting.

membrane that drive it to expand at. If allowed to move freely, the blue boundaries in
Fig. 2.2A would move apart L ! L,).
In a precessing magnetic eld, the direction of force (expansion or contraction) on
the membrane's boundaries depends on the sign af Under small-angle precession ¢
0, < ), a membrane, with any initial amount of compression, contracts when the
boundaries move together (Fig. 2.4A). Contraction of the boundaries only occurs if the
eld strength is su cient to overcome the penalty of bending. When this requirement is
met, the force pulling the boundaries together increases with eld strength. As contraction
proceeds, the force on the boundaries decreases and approaches zero. The energy curves

from MD simulations match closely with those from CM calculations (Fig. 2.4C). For
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moderate eld strengths, an instability appears on the energy curve (= 150 and 300)
where the free edges of the single-arch membrane buckle towards the center due to the
favorable alignment of the dipoles, leading to a \double-buckled" con guration. This
transition is also predicted by our CM calculations for weak-to-moderate eld strengths
( =100 and 200). These mark the transition point at which the energy branches of the
single-arch and double-buckled membranes intersect and is dependent on the boundary
separationL=L, and (Fig. 2.4D). Our MD simulations observe this transition around
L=L,=0:65 0:80. Larger values of. favor the double-buckled membrane, while smaller
values ofL favor the single-arch membrane. In order for the exible boundaries to buckle
inwards, the sti boundaries must be su ciently spaced so that the increase in bending
energy is o set by the recovery of magnetic energy. Increasinglowers the value ofL
needed to induce the buckling transition. For > 300, we observe only the double-buckled
con gurations in the range of 05< L=L , < 1.0.
While the mirror symmetry of the membrane across thé¥ axis is preserved in the

> 0 case, the symmetry across thX Z plane at the midpoint between the sti
boundaries is broken under large-angle precessior<( 0, > ) and large compressions.
These conditions lead to an asymmetric arch membrane con guration shown in Fig. 2.4D
predicted by CM calculations and MD simulations. Similar transitions have been pre-
viously described in non-magnetic systems where elastic membranes are deformed on a
solid or liquid substrate [44{46]. The asymmetric arch allows the membrane to signi -
cantly reduce the force driving expansion (Fig. 2.4B), with a similar force reduction in
CM calculations (Fig. 2.4C), and corresponds to the small branch of the membrane

energy. At largerL, we observe the symmetric arch con gurations which exhibit a larger
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expansion force. Unlike in the case of the small-angle precession, the membrane does not
reveal a secondary buckling transition. Rather, it possesses a continuous attening in the
X Y plane as the eld strength increases.

At a given level of membrane compression, MD simulations predicts a critical eld
strength above which the membrane adopts an asymmetric arch shape. The cross-over
between asymmetric and symmetric con gurations is reported in Fig 2.5A. As compres-
sion increases, the asymmetric con guration becomes more favorable and the minimum
magnetic eld strength required to induce the symmetric-to-asymmetric transition de-
creases. Of course, dsapproached.,, the eld strength needed to distort the membrane
increases rapidly.

We develop analytical solutions that predict this spontaneous symmetry breaking.
The membrane is assumed to be translationally invariant in theX direction. This as-
sumptions is justi ed in the limit of small compression and weak to moderate strength
of the magnetic eld. In this regime, the membrane shape is described by a pro le curve
which we parametrize by the angle (1) that the local tangent vector e makes with the
precession axis, wherkis the arc length along the membrane pro le curve (Fig 2.7). This
analysis yields the total energy of the membrane given by = L, Rle , Where the linear
energy densityH coincides with the energy density of a paramagnetic lament [41]. The
Euler-Lagrange equations arising fronH lead to the pro le curves of the ground state.
Symmetric solutions correspond to zero vertical force on the membrane, whereas for a
nite vertical force the potential in quadrature H becomes asymmetric. This asymmetry

is a property inherited by the corresponding solutions (Fig 2.5B).



Figure 2.4. In uence of boundary separation on magnetoelastic membranes.

Total membrane energy as a function of obtained via MD simulations.
The results show membrane contraction under (A) small-angle magnetic
eld precession ( > 0) and expansion under (B) large-angle precession
( < 0). Curves are shifted by the value of the energy (in units dfT)

at L=L, =1, ;, for clarity and normalized by the number of colloidsN.
(C) Calculated membrane total free energy from continuum mechanics
with > 0 and < 0. Free energy curves are shifted bl;;i = 1;2, the
values atL=L, = 1, for clarity and normalized to the bending modulus.
(D) Snapshots of membrane con gurations at boundary separatiolo=L , =
0.5, 0.75, and 0.90 (2 = 0) at under di erent values of . Field precession

at < causes secondary buckling of the free membrane edges which is

re ected by the brake in the slope of the free energy curves at= 150 and
300. The edges that de ne the boundary separation are colored blue.
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2.3.2. Torque on a magnetoelastic membranes

In addition to linear forces, a contracting and expanding magnetoelastic membrane ex-
periences torque on its boundaries. Twisting an elastic membrane at zero external eld
is disfavored due to the build-up of elastic stress. Rather than changing compression, we
rotate the two sti boundaries in opposite directions by an angle for a total angle of

2 . The rotation occurs along a centerline drawn along th¥ axis that extends through
the center of each sti boundary. Starting from 2 = 0, we twist the membrane by
rotating the boundaries to 2 = 90 and then reverse the direction of rotation back to
the parallel state. We observe hysteresis in thg ) curve (Fig. 2.8A). Twisting mem-
brane edges beyond 2' 70 from lower angles induces a con gurational transformation
to relieve elastic and bending energy localized in two opposite corners of the membrane
(Fig. 2.8B). Further twisting concentrates elastic stress at a single point near the center
of the membrane. This conformation persists until the boundaries are rotated close to a
parallel position (18) where the membrane transitions back to a symmetric arch. This
transformation also leads to a drop in membrane stretching and bending energies (Fig.
2.3B).

In the case of membrane twisting under a precessing magnetic eld, the conformation
depends on the magnitude and sign of. MD simulations highlight di erent regimes for
magnetically-induced changes in the membrane con guration that correspond to changes
in the torque on the sti membrane boundaries. Under small-angle precessionX 0)
and relatively weak elds, the ( ) curves reveal a hysteresis in the membrane energy (see

blue and red curves in Fig. 2.9A). Twisting the boundaries from Oto 90 causes the
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Figure 2.5. Application of magnetic eld breaks membrane symmetry. (A)
MD simulation data for the transition between symmetric and asymmetric
membrane con gurations as a function of and L=L,. Above the critical

values ofj j, only asymmetric con guration exists. (B) Membrane pro les
found by analytical methods for =100 and 100 (L=L, = 0:75).

Figure 2.6. Pro le curves for the symmetrical £, = 0) analytical solutions
to a magnetoelastic membrane at various positive and negative values of

membrane to undergo two con gurational transitions. The reverse path results in a single
transition back to the original, single-arch state.

From 0 to 90, the increase in the free energy of the membrane begins with an
unfavorable increase in the dipole-dipole energy (Fig. 2.10). Therefore, the buckling
transition at 25 33 ,where the center of the single-arch buckles inward, is driven by the

magnetic eld (Fig. 2.9D). After this point, there is a build-up of elastic stress along a



Figure 2.7. Schematic drawing of a membrane showing the angle that the
local tangent vectore, makes with the precession axiZ. The membrane
edges which are parallel to theX axis are xed.

Figure 2.8. E ect of boundary rotation on an elastic membrane with no
external eld ( = 0). (A) Total membrane energy (in units of kKT) nor-
malized by the number of colloidsN obtained from molecular dynamics
(MD) simulations as the total angle, 2 , between boundaries changes with
constant separation (=L, = 0:5). (B) MD simulated membranes show
the conformational transition as the angle between sti, separated bound-
aries (blue) increases (images represent 2 0;45 ;90 , respectively). The
membrane undergoes a conformational transition at some threshold value
of 2 ' 70 to relieve accumulated stretching strain causing the formation
of a hysteresis.
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