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ABSTRACT

Since the dawn of mankind, humans have used materials and tools to dominate the world. As

our understanding of the fields physics, chemistry and engineering is growing, we are able to arti-

ficially create advanced materials with engineered responses. Next step would be to create ‘ smart’

or intelligent materials capable of sensing their environment and change their material properties

in response, similar to biological matter. Active matter systems and materials functionalized with

active components can lead to such responsive materials. The work presented in this thesis fo-

cuses on theoretical and computational modeling of such active soft matter systems. Specifically,

we studied and helped design responsive hydrogel systems capable of shape transformations and

locomotion in response to various external fields and stimuli. We also studied the migration of

ferrofluid droplets in external magnetic fields which exist in a liquid phase as opposed to the hy-

drogels which are elastic. We developed continuum models to study each system and solved these

models using the finite element method. We worked closely with experimentalists to verify our

models and theories. The work developed here will help better understand these active materials

and will aid in the development of newer active soft matter systems.
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6.4 Plot of droplet velocityucl(�m=sec) as a function of applied magnetic torque den-
sity N (N=m2). The �ts represent the power law �ts given by the eq. 6.44 of the
non-zero velocity points. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

6.5 Droplet moving up an inclined plane a) Finite element simulation of a droplet
climbing an inclined plane ( = 20� ) moving against the gravity at two differ-
ent times. The colors plot the particle angular velocity in rad/s. b) Plot of the
critical magnetic torque densityNc as a function of increasing inclination angle 
of the substrate. The contact angle hysteresis used here is� �� = 6 � . . . . . . . . . 134



20

LIST OF TABLES

2.1 The table of values for all the relevant parameters used in the theory . . . . . . . . 44

3.1 Rate constants in BZ reaction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.2 Quantities used in the simulations . . . . . . . . . . . . . . . . . . . . . . . . . . 75

6.1 Notation employed in this chapter . . . . . . . . . . . . . . . . . . . . . . . . . . 118

6.2 Parameter values used in �nite element analysis. Some of the values are taken from
[158]–[160] (EFH1 oil-based ferro�uid, Ferrotec Corp. Bedford NH, USA). . . . . 133



21

CHAPTER 1

INTRODUCTION

1.1 Introduction and Motivation

The understanding of materials has played a very important role in the advancement of our society

and culture. Materials have shaped our civilizations to such a large extent that historians have

named entire periods of human history after the predominantly used materials i.e. the stone age, the

bronze age and the iron age. Though historically, humans have always used materials to interact

with the world, but our knowledge of them was largely empirical. However, our understanding

of physics and chemistry has lead to a systematic study of the interdisciplinary �eld of material

science.

In modern times, in the 19th and 20th century, the traditional `hard' materials such as metals

and semiconductors paved the way for industrial revolution and automation. Soon, we started

developing newer and better materials that could replace traditional materials while being light

weighted and easier to process. This lead to the focus onsoft matter. The `hardness' and `softness'

refers to a material's response to external stimuli. Unlike hard matter, soft materials are more

compliant and easily deform under external stresses. This is because soft materials are made of

large molecules or aggregates which have weak intermolecular interactions. Due to the nature

of their composition, soft materials exhibit large morphological changes to external stimuli. Soft

materials include liquids, colloids, polymers, liquid crystals, gels, etc. These materials have great

industrial applications and have also become an important part of our daily lives.

The behavioral properties of soft materials can be altered by suitably functionalizing them with
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activeconstituents that consume energy and dynamically alter their macroscopic responses. This

energy can be provided by means of external �elds and forces. In this work, we explored such

active matter systems that undergo shape transformations and locomotion in response to various

external stimuli. We studied two classes of soft materials, namely functionalized hydrogels and

ferro�uids. Hydrogels are elastic materials made up of three-dimensional polymer networks per-

meated by solvent molecules. Hydrogels can drastically change their volume by absorbing large

amounts of solvent. Stimuli responsive hydrogels have been shown to swell/shrink in response

to cues such as light [1]–[3], heat [4], magnetic �elds [5], [6], changes in chemistry [7], [8], etc.

Ferro�uids on the other hand, are a colloidal suspension of magnetic nanoparticles that respond to

external magnetic �elds.

In this work, we analyzed the aforementioned active matter systems by means of theoretical

modeling. We constructed continuum models to predict the behavior of these systems in the pres-

ence of external �elds and solved them using the �nite element method. Theoretical frameworks

developed here will help better understand these active systems and will aid in the development of

newer materials.

1.2 Mathematical background

Some of the basic theory in continuum mechanics is discussed here. The concepts, terminologies

and mathematical framework introduced here will be used to analyze the active matter systems

studied in the later chapters.

1.2.1 Coordinate frames

In order to describe the mechanical properties such as motion and deformation of a continuum

body, we need a coordinate system. Two different coordinate frames are commonly employed to
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Figure 1.1: Schematic representation of the spatial and material coordinate frames denoted by (x,
y andz) and (X , Y andZ) respectively.

describe continuum bodies and are listed as follows [9]:

• Spatial coordinate frameThis is the lab frame which is �xed as the continuum body moves

through the physical space. Position coordinates in the spatial frame are usually denoted

by lower case letters i.e.x, y and z. The spatial coordinate frame is also known as the

Eularian frame and the corresponding mechanical description of a continuum body is called

the Eularian description. See �gure 1.1.

• Material coordinate frame This is a coordinate frame that is attached to the continuum

body and moves/deforms along with the body. As the material deforms, the position co-

ordinates of the body in the material frame stay the same and usually denoted by upper

case letters i.e.X , Y andZ . The material coordinate frame is also known as the Lagrangian

frame or reference frame and the corresponding mechanical description of a continuum body

is called the Lagrangian description. See �gure 1.1.

Before the continuum body starts deforming the spatial and the material frames coincide in the
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initial state. As the body deforms, a point particle on the surface of the body moves and follows a

path given by

x = x(X ; t) (1.1)

Here,x is the spatial coordinate andX is the material coordinate of the particle. For a simpli-

�ed case where thex andX are measured with respect to the same coordinate system (as shown

in �g. 1.2), we can describe the positionx of the particle as

x = X + u(X ; t) (1.2)

where,u is the net displacement of the particle at reference positionX at timet. An in�nitesimal

line element,dX in the reference frame, is mapped to the corresponding deformed line element

dx by

dx =
@x
@X

dX = F dX (1.3)

whereF is called thedeformation gradient tensorand can also be de�ned in terms of the

displacementu as

F =
@x
@X

= r X u + I (1.4)

wherer X is the gradient with respect to the material coordinates i.e.

r X =
�

@
@X

;
@

@Y
;

@
@Z

�
(1.5)
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Figure 1.2: Schematic representation of the deformation of a continuum body.

1.2.2 Strain

The deformation gradient tensorF is an important quantity as it contains all the information of

straining and rotation. It is sometimes required to only look at the deformation of a body ignoring

the overall rotation, for example, the free energy of an elastic body is invariant under a rotation.

Therefore, we can use the polar decomposition ofF to separate the contributions of rotation and

stretch. The right polar decomposition ofF can be de�ned as

F = RU (1.6)

whereR is an orthogonal tensor (det(R) = 1 andRT = R� 1) andU is the stretch tensor given in

the material frame. The tensorR describes the rotation of the body andU contains the information

about stretch. To calculate the length of the line elementdx, we take [9]

ds2 = dx � dx = dX � (FT F) � dX (1.7)
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Here we can de�ne theright Cauchy-Green deformation tensorC as

C = FT F
�
= UT RT RU = UT U

�
(1.8)

We can see here that the right Cauchy-Green tensorC does not depend on any rigid body motion

i.e. rotations and translations as it only depends on the stretch tensorU. Also from eq. 1.7 if

C = FT F = I , we getds2 = dS2 wheredS2 = dX � dX. Therefore,C = I corresponds to a rigid

body motion. ExpandingC in terms of the displacementu

C = FT F = ( I + r Xu)T (I + r Xu) = I + r Xu + ( r Xu)T + ( r Xu)T (r Xu) (1.9)

Here, we de�ne the Green-Lagrange�nite strain tensorE as

E =
1
2

[C � I ] =
1
2

h
r Xu + ( r Xu)T + ( r Xu)T (r Xu)

i
(1.10)

In index notation,

E ij =
1
2

�
@ui
@Xj

+
@uj
@Xi

+
@uk
@Xi

@uk
@Xj

�
(1.11)

For in�nitesimal strains, we can ignore the second order term i.e.(r Xu)T (r Xu). Therefore, the

in�nitesimal strain tensor� commonly known as the engineering strain tensor is given by

� ij =
1
2

�
@ui
@Xj

+
@uj
@Xi

�
(1.12)
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1.2.3 Stresses

Stress is used to describe forces acting on a body and is de�ned as force per unit area. However,

depending on the coordinate frame the quantities are measured, we can have different measures

of stress on a body. The most commonly used measure of stress is the Cauchy stress also know

as the true stress. Cauchy stress,� measures the force acting on a continuum body per unit area

measured in the deformed con�guration or spatial frame.� is also a symmetric tensor and it is a

consequence conservation of angular momentum. However the symmetry of the stress tensor is no

longer valid if there exists body moments per unit volume due to external or active stresses [9].

Other commonly used measures of stress on a continuum body are First and Second Piola-

Kirchhoff stress tensors and are explained below:

• First Piola-Kirchhoff stress tensor(P) - is a measure of stress which relates the forces mea-

sured in the spatial frame to the areas measure in the material frame. Similar to the deforma-

tion gradient tensorF, P is a two-point tensor.

• Second Piola-Kirchhoff stress tensor(S) is a measure of stress where both the forces and

areas are measured in the material frame. Just like the Cauchy stress tensor� , the second

Piola-Kirchhoff stress tensor,S is also symmetric.

The above mentioned three stress tensor relate to each other via the following transformations:

S = F� 1P (1.13)

� = J � 1PFT = J � 1FSFT (1.14)

whereJ is the determinant of the deformation gradient tensorF i.e. J = det(F).
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1.2.4 Equation of Motion

Given the internal stresses and external forces on a body, we can write down the equations of

motion using the force balance equation i.e. Newton's second law of motion. For an arbitrary

volume in undeformed reference frameV0, the momentum conservation can be expressed in the

integral form as:

@
@t

Z

V0

� 0
@u
@t

dV =
Z

V0

f V dV +
Z

@V0

T dA (1.15)

where,� 0 is the mass density with respect to the volume in reference frame;f V is the volume

force acting on the body such as gravity per unit volume in reference frame; andT represents the

traction forces acting on the surface of the body.

Taking N to be the surface normal in reference frame and using the de�nition of �rst Piola-

Kirchhoff stress tensorP, we can write

Z

@V0

Ti dA =
Z

@V0

PiJ NJ dA =
Z

V0

PiJ

@XJ
dV (1.16)

Plugging this back into eq. 1.15, we can write the equation of motion for our continuum body

as follows:

� 0
@2u
@t2

= f V + r X � PT (1.17)

Similarly we can write the equation of motion with respect to volumes in spatial frame as

�
@2u
@t2

= f v + r x � � T (1.18)

wheref v is the volume force per unit volume in spatial frame and the operatorr x is with
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respect to the spatial coordinatesx.

1.2.5 Material Models

The equations of motion are derived from Newton's second law and are true for all continuous

media. However, they alone are not complete set of equations as they don't describe the properties

of the material under study, for example, under an external load, the response of steel would be

different from that of rubber. Therefore, in order to describe these material properties we need a

constitutive equationthat de�nes a relation between the stress and the strain i.e.� = � (� ). These

constitutive equations/relations are material speci�c and fully describe their behaviour in response

to external loads. These are also referred to as material models or constitutive models.

In this thesis, we will focus on theelasticproperties of materials. Elasticity is the property due

to which a material deforms under a distorting force and goes back to its original shape once the

force is removed. Such material deformations are known as elastic deformations. Here, we will

discuss two difference classes of material models used to describe elastic deformations in solids.

Linearly elastic material model

Most elastic materials under a small deformation exhibit linear elasticity. The stress-strain consti-

tutive relation for a linearly elastic materials is known as theHooke's Law. Hooke's Law is stated

as

� ij = Cijkl � kl (1.19)

where,Cijkl is the 4th order elasticity tensor. For homogeneous and isotropic material, the elastic-

ity tensor reduces to two independent parameters i.e. the bulk modulusK and the shear modulus
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� and can be written as

Cijkl = K� ij � kl + �
�

� ik � jl + � il � jk �
2
3

� ij � kl

�
(1.20)

Therefore, the constitutive relation eq. 1.19 can be written as [9], [10]

� ij = �� ij � kk + 2�� ij (1.21)

where,� and� are known as Laḿe parameters and the �rst Laḿe parameter relates to the bulk

modulusK via the relationK = � + 2
3 � . The strain tensor� used here is the in�nitesimal strain

tensor (eq. 1.12).

Hyperelastic material model

Unlike Hooke's law, the stress-strain constitutive relation for a hyperelastic material may not nec-

essarily be linear. For many materials, the linear Hooke's law does not accurately predict their

behaviour and also as the strain on the material grows, they start deviating from a linear stress

strain relation. In order to accurately model such materials and strains, we need hyperelastic mate-

rial models. Their constitutive equation is derived from a strain energy density functionWs which

is a function of the deformation gradient tensor i.e.Ws = Ws(F). With the strain energy density

de�ned, we can calculate the stress on the system using

P =
@W(F)

@F
or PiJ =

@W
@FiJ

(1.22)
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We can also de�ne the 1st Piola-Kirchhoff stress tensorP in terms of the Green-Lagrange strain

tensorE as

P = F �
@W
@E

or PiJ = FiK
@W

@EKJ
(1.23)

1.3 Polymer Hydrogel Model

The free energy of a polymeric hydrogel come from two processes: elasticity of the polymer

network and the mixing of the polymer mesh with the surrounding solvent. The free energy of the

hydrogel is therefore assumed to be [11]–[13]:

Ugel = Uelastic + Umix (1.24)

where, the elastic energy densityUelastic is given by the af�ne network model

Uelastic =
1
2

kB T
vmNx

 
X

i

� 2
i � 3

!

(1.25)

Herevm is the volume of the gel monomer;Nx is the average number of segments between

two crosslinking junctions of the polymer network i.e. larger theNx , softer the gel; and� i s are the

principal stretches of the system;

The mixing energyUmix is a function of the polymer volume fraction� only. The polymers of

the hydrogel when not crosslinked form a solution with the solvent molecules, and the free energy

density of mixing of this polymer-solvent solution is given by the Flory Huggins model:

Umix =
kB T
vm

��
1 � �

�

�
ln(1 � � ) + � (1 � � )

�
(1.26)
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where,� is a temperature dependent parameter (� (T)) that describes the interaction between

the gel monomers and solvent molecules. If� increases, the solvent molecules are expelled from

the gel causing the gel to shrink and if� decrease the the solvent molecules are absorbed by the

gel causing the gel to swell.

Note: The expressions forUelastic (eq. 1.25) andUmix (eq. 1.26) represent the energy values

per unit volume in thereference frame.

A hydrogel in equilibrium with the surrounding solvent will satisfy the no stress condition i.e.

@Ugel=@�= 0 [12]. Also, for an isotropic free swelling gel,� i s will all be equal and will satisfy

� 1 = � 2 = � 3 = � � 1=3. The equilibrium condition for an isotropically freely swelling gel can be

written as:

@
@�

�
3

2Nx
� � 2=3 +

�
1 � �

�

�
ln(1 � � ) + � (1 � � )

� �
�
�
�
� = � eq

= 0 (1.27)

Equation 1.27 can be evaluated to calculate an expression for� in terms of the equilibrium

polymer volume fraction� eq i.e.

� = �
� � 5=3

eq

Nx
�

log(1 � � eq)
� 2

eq
�

1
� eq

(1.28)

1.4 Finite Element Implementation

1.4.1 The reference state

In solving the hyperelastic model of the hydrogel numerically, the choice of a suitable reference

state becomes critical. The termUelastic (eq. 1.25) assumes the reference state to be a dry polymer

state with no solvent i.e.� i = 1 in the dry state for alli . However, the dry polymer state can cause

in�nities in the numerical implementation of the mixing energyUmix (eq. 1.26). This is because
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Figure 1.3: Illustration of the reference state used for numerical calculations

of the presence of thelog(1 � � ) term in the expression as� = 1 for the dry state. In order to

circumvent this problem, we have to choose a reference state that is not dry and therefore rewrite

eqs. 1.25 and 1.26 with respect to a new reference state for the numerical implementation of the

hydrogel.

One option is to choose an isotropically swollen gel state with� 1 = � 2 = � 3 = � 0 = � � 1=3
0

where� 0 is the polymer volume fraction of the hydrogel in the reference state (� 0 < 1). Therefore,

for the purpose of the numerical simulations, the stretches� 1, � 2 and� 3 in the current state are

written with respect to this isotropically swollen reference state. This concept can be visualized

with the help of �g. 1.3. The total stretch in the current state is� 0� 1, � 0� 2 and� 0� 3 with respect

to the dry state. Additionally, sinceUelastic andUmix are energyd̀ensities', we require

Z

V
Udry dVdry =

Z

V
Uref dVref (1.29)
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whereUdry andUref are any arbitrary energy `densities' written with respect to volume in dry

state (Vdry ) and reference state (Vref ) respectively. SincedVdry = � 0dVref (by de�nition), we have

Uref = � 0Udry . Therefore, using eq. 1.25 for the elastic energy density and rewriting it with

respect to the new reference state, we get:

Uelastic =
1
2

kB T
vmNx

� 0

 
X

i

� 2
0� 2

i � 3

!

=
1
2

kB T
vmNx

� 0

 

� � 2=3
0

X

i

� 2
i � 3

! (1.30)

Using this equation (eq. 1.30) will ensure correct calculations of the elastic energy while

writing the stretches with respect the reference state. Similarly, now we have to rewrite the mixing

energyUmix . First, we see that the polymer volume fraction� dry � to� current = 1
� 3

0 � 1 � 2 � 3
= � 0� .

Therefore, using equation 1.26, we can write the mixing free energy to be:

Umix =
kB T
vm

� 0

��
1 � � 0�

� 0�

�
ln(1 � � 0� ) + � (1 � � 0� )

�
(1.31)

Here you can see that we no longer run into the the problem of getting in�nities from thelog

term in the mixing energyUmix . This is because when� = 1, our current state coincides with the

reference state instead of the dry state and we get �nite results for both the elastic energy and the

mixing energy.

Note: In order to perform numerical calculations, a similar treatment of changing the reference

frames should be done for any additional terms that one may add to the hyperelastic model of the

hydrogel (discussed in later chapters).

The hydrogel model is then solved using a commercial �nite element software COMSOL [14].

We use COMSOL's solid mechanics module which has an option to create user-de�ned hyperelas-

tic material models. [15]
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1.5 Outline

The mathematical framework of continuum mechanics introduced in the previous section will act

as the foundation for all the work discussed later in this thesis. The research projects undertaken

are listed as individual chapters starting from chapter 2 where we developed a material model used

to describe a photo-responsive hydrogel system. Using this material we designed multi-component

hydrogel sheets that fold into origami inspired patterns in the presence of light.

In chapter 3, we discuss the model we developed for understanding the dynamics of pattern

formation in a BZ-hydrogel undergoing chemically induced mechanical oscillations.

In chapter 4, we constructed a magnetically driven soft robotic system capable of walking

underwater. The walking behavior of the robot could be tuned with the help of an external light

source. Here we discuss the continuum model developed to understand the motion of such a robotic

system. We also provide synthesis details of the robot's material as it is critical for the development

of the its constitutive model.

In chapter 5, we constructed another hydrogel robot that can be actuated using light and mag-

netic �elds. However, this robot is capable of swimming underwater in addition to just walking.

We modeled the interaction of the swimmer with the surrounding �uid to demonstrate the swim-

ming behavior of the robot. Due to the unique chemical nature of the developed material, the

constructed swimming robots exhibit phototactic properties.

In chapter 6, we analyze an active matter system that is in a liquid state as opposed to the solid

hydrogel systems analyzed in the other chapters. In this work we study the motion of a ferro�uid

droplet moving under the in�uence of a rotating magnetic �eld.

Lastly, chapter 7 will conclude this thesis by summarizing the work presented here.
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CHAPTER 2

CONTROLLING THE SHAPE MORPHOLOGY OF ORIGAMI-INSPIRED

PHOTORESPONSIVE HYDROGELS

2.1 Abstract

The concept of origami has in�uenced the development of responsive materials that can mimic

complex functions performed by living organisms. An ultimate goal is to discover and design soft

materials that can be remotely actuated into diverse structures. To achieve this goal, we design

and synthesize here a light-responsive spiropyran hydrogel system that can display dynamic shape

changes upon irradiation with local light. We use a continuum polymer model to analyze the be-

havior of the constructed photoactive hydrogel, which is in good agreement with the experimental

results. We explore different buckling modalities and patterns in a different range of parameters.

The synthesis and fabrication of these materials demonstrate that the theoretical model can be used

to drive the development of responsive photoactive systems.

2.2 Introduction

Many biological species can alter their shape in response to changes in the external environment.

These remarkable properties evolved to allow species to better survive in nature. Synthetic ac-

tive materials with similar shape-morphing capabilities can prove to be extremely useful in soft

This chapter is primarily based on the published work [16] of Aaveg Aggarwal, Chuang Li, Samuel I. Stupp and
Monica Olvera de la Cruz, with extended and modi�ed details. Experimental work was conducted by Dr. Li and Prof.
Stupp.
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robotics [8] [6] [5], biosensors [17], and drug delivery [18] [19] applications to name a few.

Stimuli-responsive materials that deform in response to environmental cues such as chemical [8]

[7], thermal [4], light [6] [1] [2] [20], and magnetic �elds [6] [21] [5], have become exemplary

materials for such endeavours. Light-responsive materials are of particular interest as light can

be delivered remotely and precisely for local actuation of the material. Recent examples of light-

responsive materials include polymer �lms containing cis-trans azobenzene switches [22] and hy-

drogels based on spiropyran chemistry [23] [2] [3] or molecular motors [24] [25]. Among these

systems, spiropyran-based hydrogels have attracted signi�cant attention. Due to the high-water

content and similarity to extracellular matrix, hydrogels offer the possibility of functioning in wa-

ter and have the potential to exchange �uids with aqueous environments compared to other solid

actuating materials.

The design of materials coupled with active actuation mechanisms plays a vital role in de-

termining their applicability and performance. Recently, origami, the art of paper folding, has

inspired the design of various technologies including deployable structures for aerospace appli-

cations [26] and stents for biomedical applications [27] [28]. The shape transformations of �at

two-dimensional sheets into folded three-dimensional origami structures have resulted in materials

that exhibit exotic mechanical properties [29] [30]. Origami also provides a bottom-up approach

for the fabrication of 3D structures that would otherwise be dif�cult to manufacture [31]. In the

�eld of soft robotics, origami has inspired the design of various transformable robots [32] [33] [34].

Previously, bilayered or multilayered designs have been used to create origami structures [35] [36]

[37] [38] where the structures fold due to differential swelling between the layers. This strategy

can make the fabrication process complex and, more importantly, the shape changes of layered

origami are restricted to predesigned shapes since the swelling ratio of each layer is �xed. Single

layered spiropyran hydrogels can overcome these drawbacks since the light naturally decays in-
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side the material and creates a gradient of hydrophobicity, which induces curvature, and switching

the light off allows the material to relax to its original �at geometry [39]. This folding-unfolding

process is highly reversible, and the actuation dynamics depend on the environmental irradiation

conditions. In this work, we design and fabricate a reversibly folding origami sheet actuated by

light using a single layer �lm prepared from a spiropyran hydrogel. We exploit composites of pho-

toactive and photoinactive hydrogels to create active fold patterns for the origami sheets. Using a

theoretical description of active hydrogels, we simulate and predict the response of these origami

sheets to various control parameters. Furthermore, we demonstrate different modalities of buckling

that produce diverse patterns such as concave-convex buckled membranes.

2.3 Results and Discussion

2.3.1 Photoactive hydrogels

The photoactive hydrogels were created using copolymerization of a polymerizable spiropyran

photoswitch with N-isopropylacrylamide (NIPAM) monomer and N,N'-methylenebisacrylamide

(MBAAm) crosslinker (See [16, Appendix A] for details). These photoswitches display a proto-

nated and charged ring-opening form (merocyanine) in the dark under acidic environments and

isomerized to a non-charged hydrophobic ring-closed form (spiropyran) upon irradiation, which

was veri�ed by UV-Vis spectroscopy [16, Appendix A Fig.6]. We used rheological measurements

to test the mechanical properties of the formed hydrogels. [16, Appendix A Fig.7] shows that

the storage modulus is as high as 2000 Pa, demonstrating the mechanical robustness of the hy-

drogel, which is critical for the thereafter actuation and robotic functions. The prepared hydrogel

sheet (10.0 mm long, 10.0 mm wide, 0.5 mm thick) contracted to83%of its original size upon

irradiation with white light (470mW=cm2, see [16, Appendix A] for details). The hydrogel sheet

recovered the original swelling state in the dark, and the contraction-expansion process was found
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to be highly reversible by alternately switching the light on and off [16, Appendix A Fig.8]. The

chemical equation for the spiropyran conversion can be written as shown below where MCH+, the

hydrophilic moiety of the spiropyran gets converted to SP, the hydrophobic moiety in the presence

of light.

For a quantitative description of the reaction, we write the chemical kinetic rate equation for

the conversion of spiropyran from MCH+ to SP as follows:

@rsp

@t
= kL (I (x))rmch � kD r sp (2.1)

wherermch and r sp are the fractions of spiropyrans in MCH+ and SP moieties respectively

(rmch + r sp = 1); kD is the backward reaction rate coef�cient which is a constant at a given

substituent, temperature, and pH; andkL is the forward reaction rate coef�cient, which depends on

the intensity of light(I ). For a unidirectional and monochromatic [40] light source with frequency

� , kL (I ) can be written as:

kL =
	 �;mch

h�
� I �; mch (2.2)

where	 �;mch is the quantum yield of the MCH+ moiety which is de�ned as the number of

reactions per photon,� �;mch is the molar absorptivity of MCH+ moiety andh is Planck's constant.

Light triggers the chemical reaction which makes the hydrogel more hydrophobic and bending
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of the photoactive hydrogel is determined by the propagation of light in the material. As light

propagates through the material thickness, its intensity decays and creates a spatial gradient in

the distribution of the hydrophilic and hydrophobic moieties within the hydrogel. This creates

a gradient in the water concentration, which in turn leads to a mechanical deformation of the

material.

The decay in the light intensity is primarily attributed to the absorption caused by the photo-

chemical reaction itself, where the absorptivity of the material changes as the chemical reaction

progresses. The propagation of light in the material is deeply coupled with the chemical reaction

because of their interdependent relation. This process can be described by the Beer-Lambert law

with the total absorptionA = � mch cmch , where� mch andcmch are the molar absorptivity and the

molar concentration of the MCH+ chromophore (note the difference betweencmch andrmch ), re-

spectively. Therefore, the intensity of light propagating in the z-direction can be calculated using

the differential equation:

@I
@z

+ AI = 0 (2.3)

The molar concentrationcmch can be written in terms ofrmch using the equation:

cmch = rmch
f �

vmNA
(2.4)

Here,f is the fraction of monomers in the hydrogel that are chromophores;� is the volume

fraction of the polymer;vm is the volume of a single monomer of the hydrogel; andNA is the

Avogadro's number. Therefore, we can rewrite equation 2.3 as below:

@I
@z

+
�

� mch rmch
f �

vmNA

�
I = 0 (2.5)
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Figure 2.1: Light induced gradients - Finite Element calculation for a block of spiropyran-NiPAAm
system in the presence of light (propagating in -z direction) at60mW=cm2. a) Plot showing frac-
tion of SP moiety,r sp induced due to light as a function of distance from the (light receiving)
surface in the initial state (time = 0) and the equilibrium state. Inset shows the corresponding 3D
plot of r sp in the hydrogel in equilibrium state. b) Plot showing the intensity of light as it de-
cays through the thickness of the hydrogel in the initial and equilibrium states. Inset shows the
corresponding 3D plot of light intensity in the hydrogel in equilibrium state. Note: The induced
deformation is not considered in these calculations

Equations 2.1 and 2.5 determine the distribution of MCH+ and SP species in the hydrogel.

Figure 2.1 shows �nite element calculations for ther sp and the light intensityI within a block of the

photoactive hydrogel irradiated at60mW=cm2 under initial (r sp = 0) and equilibrium conditions

(@rsp=@t= 0) . The 1D plots show the dependence ofr sp andI as a function of the distance from

the light receiving surface of the hydrogel. Here, the light is propagating in the -z direction.

The deformation induced by the light can be calculated using the free energy density of the

hydrogel (see chapter 1 section 1.3) [13] [11]. The energy density for the spiropyran-NiPAAm

system can be written as a sum of three terms:Uelastic accounts for the elasticity of the hydrogel's

polymer matrix,Umix accounts for the interaction between the solvent and the polymer network
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andUphoto accounts for the interaction of the hydrogel with light,

Utotal = Uelastic + Umix + Uphoto (2.6)

whereUelastic andUmix are given by eq. 1.25 and eq. 1.26 respectively. To describe the photo-

induced effects on the free energy of the hydrogel, the termUphoto is added to the free energy of

the hydrogel given by [41]

Uphoto =
kB T
vm

�r sp(1 � � ) (2.7)

Note: eq. 2.7 describes the energy density with respect to a dry polymer state. For the purpose

of numerical simulations/calculations rewriteUphoto with respect to a partially swollen reference

state (with� = � 0) as described in chapter 1 section 1.4.1 i.e.Uphoto(� ) ! � 0Uphoto(� 0� ).

Here, the parameter� is given by

� =
zf

kB T
(uss � ums ) (2.8)

whereuss andums are the interaction energies of the SP and MCH+ moieties with the solvent,

respectively;z is the coordination number of the lattice; andf is the fraction of monomers in the

hydrogel that are chromophores. Since the interaction energies in equation 2.8 are not known,� is

used as a �tting parameter. We know, SP moiety is more hydrophobic than MCH+, therefore,� has

a positive value. Recently, Li, Iscen, Palmer,et al. [3] showed that spiropyran molecules can be

also chemically altered to become more hydrophilic upon light irradiation, in which case,� would

attain a negative value. We note that the same theoretical description can be used for positive or

negative� .

The hyperelastic model of the photoresponsive hydrogel was solved using the solid mechanics
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module of the �nite element software, COMSOL [14] along with the coupled chemical reaction

and light propagation equations. The list of all the parameters used in the �nite element calculation

is given in Tab. 2.3.1. The quantum yield	 (eq. 2.2), is arbitrarily chosen but this parameter does

not affect the physics of the problem. This is because any transformation of the following type

leaves the full set of equations invariant:

	 ! c	 andI ! I=c

whereI is the intensity of the incident light andc is an arbitrary scaling factor. Therefore, we

can choose any arbitrary value for and sweep the light intensity,I to tune the geometry to the

required shape. We choose the value of	 to be equal to0:01916to match the scale of theoretical

values of light intensities to the experimentally used intensity values.

In the absence of light, the hydrogel can freely swell and equilibrate with the surrounding

solvent. The total stress on the material in this state is zero. This condition can be used to calculate

the relation between the initial polymer volume fraction� 0 and the interaction parameter� . Using

the no-stress condition,@U=�
@� = 0, we get [12]

� = �
� � 5=3

0

Nx
�

log(1 � � 0)
� 2

0
�

1
� 0

(2.9)

This is the same expression as eq. 1.28 except the equilibrium volume fraction� eq in eq. 1.28

is the initial volume fraction� 0 for the purpose of this model.

The First Piola-Kirchhoff stress tensor,P is calculated using the equation:

Pij =
@U(Fij )

@Fij
(2.10)

Here,U is the free energy density of the hydrogel in the reference con�guration andFij is

the deformation gradient tensor. In the absence of any external force, the following force balance
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Parameter Description Value
� �;mch Absorption coef�cient of MCH+ 106L=mole:m

f
Fraction of chromophores to the total number of

monomers in the gel
0:05

� Wavelength of light absorbed by the gel 410nm
	 �;mch Quantum yield of the chromophores 0:01916

kd Backward reaction rate coef�cient 0:05s� 1

� Light interaction parameter 0:0925
T Temperature 298K
vm Volume of a monomer 3 � 10� 29m3

� 0 Volume fraction in absence of light 0:05

Nx
Mean number of monomers between neighbouring

crosslink junctions in the polymer mesh
25000

Table 2.1: The table of values for all the relevant parameters used in the theory

equation can be used to calculate the equilibrium deformation of the hydrogel in the presence of

light.

@Pij
@Xj

= 0 (2.11)

2.3.2 Light-induced buckling

Any light-exposed volume of the hydrogel becomes hydrophobic and expels water, thereby shrink-

ing isotropically. However, due to the gradient of hydrophobicity set up by the light (�g.2.1a

(inset)), the isotropy in the z-direction is broken as the face of the hydrogel closer to the light

shrinks more compared to the face of the hydrogel further away from the light. For small in-

tensities of light, the deformation in the light-facing side is small and the material maintains its

isotropy in the x-y plane as it bends towards the light. As the light intensity increases, the decay

in the intensity causes a larger difference in the shrinking ratios between the light-facing side and

the light-opposing side. This creates an increase in the elastic stress that leads to the buckling of
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Figure 2.2: Light induced deformation - a) A photoresponsive hydrogel disk in the undeformed
state (left) undergoing deformation under light exposure (light propagating in -z direction). At low
light intensities the disk deforms into a dome shape (middle) but as the intensity increases, the
internal stress causes the disk to buckle, and we �nd that undulations form around the rim (right).
The colour bar represents the displacement of the disk with respect to initial shape in units of the
radius, R. b) An ellipse in the undeformed state (left) and buckled state (right). The colour bar
represents the displacement with respect to the initial shape in units of semi-major axis.

the material beyond a critical light intensity. To characterize the buckling behavior, we solve the

continuum model under equilibrium conditions using �nite element analysis. Figure 2.2 shows the

calculated buckled states of a hydrogel sheet for two different geometries. Fig 2.2a shows the case

of a circular hydrogel disk. At low light intensity, the disk bends into a dome shape, whereas above

a critical intensity, the disk buckles to form undulations along its circumference, breaking its radial

symmetry. The number of undulations depends on the mode of buckling (see supplementary in-

formation section 2.5). However, the behaviour is very different for a geometry such as an ellipse.

The ellipse unlike a disk has a preferred direction of buckling. The ellipse prefers to buckle about

the semi-minor axis as shown in Fig. 2.2b since the geometry has the smallest bending stiffness
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along the long axis. This demonstrates that the shape of the material plays a vital role in determin-

ing its post-buckling state. However, the material can also be forced to buckle about any arbitrary

axis using the two different methods described below.

1. Reinforcement. Photoactive hydrogels reinforced with nanowires have been shown to bend

about the direction of the nanowires [6] (the reinforcement model will be described in more detail

in chapter 4). These nanowires create an anisotropic elastic response in the material. The elasticity

of the material is different in the direction of the �ber compared to the direction perpendicular to

the �ber. Therefore, by designing the material reinforcement, the hydrogel can be forced to buckle

about any desired axis. A similar reinforcement-like effect can also be induced using a photo-

inactive gel in combination with a photoactive hydrogel. These composites can drastically change

the natural buckling behavior of photoactive hydrogels.

2. Photo-active-inactive hydrogel composites. The bending behavior of a photoactive hydro-

gel can be modi�ed by combining it with a blank hydrogel (photo-inactive). Figure 2.3 shows the

case of a rectangular strip of photoactive hydrogel where the light is shone from above (propagat-

ing in � z direction). The hydrogel strip would ideally bend about the shorter edge as demonstrated

in Fig.2.3a but due to the presence of the blank gel, the photoactive strip instead bends about the

long edge. This happens because it is energetically favourable for the blank hydrogel to maintain

its initial �at state as it is not affected by the light. The blank gel essentially works as a reinforce-

ment for the photoactive hydrogel strip. As a result, it forces the photoactive strip to change its

bending direction.

2.3.3 Photoactive origami

The photo-active-inactive hydrogel composites can be used to create �lms that fold in the desired

manner upon light irradiation. Fig.2.3a shows the construction of a simple origami fold. The
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Figure 2.3: Photo-active fold line - a) FE calculation demonstrating the change in the bending
direction due to the presence of photo-inactive (blank) hydrogel. The hydrogel strip bends about
the shorter edge upon being irradiated with light but bends about the longer edge after adding the
blank gel. b) Photographs of samples with single photoactive fold-lines of varying widths after
irradiating with different light intensities for 30 min. The photographs show the dependence of
folding angle on the linewidth and the light intensity. c) Plot of folding angle with respect to the
width of the photoactive line. The symbols represent the experimental values for two different
light intensities and the solid curves represent the corresponding theoretical �ts attained using the
continuum model. (inset) shows the de�nition of the folding angle used. d) Theoretical plot of
the folding angle with respect to the light intensity,I for various widths of photoactive fold-line
calculated using FE analysis.
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embedded photo-active strip in a blank hydrogel sheet acts like a fold-line that can be controlled

using light. Each fold-line in the origami sheet can be individually controlled. The folding angle

of a fold-line depends on both �xed parameters and controllable parameters. Fixed parameters

include both the chemical parameters such as the spiropyran doping ratio, gel elasticity, and solvent

interaction parameter of the hydrogel, while the geometry-dependent factors include the width of

the active fold-line. While it is possible to tune the chemical composition of the material, this may

not be the easiest way to control the �nal shape of the origami structure. Therefore, designing

the origami with the appropriate fold width is a simple way to achieve the desired structures. As

shown in �g.2.3b, we constructed hydrogel sheets of dimensions20mm � 10mm � 0:5mm with

a photoactive fold-line in the middle. By changing the width of the fold-line, we can control the

angle of the fold. Fig.2.3b demonstrates the change in the folding angle for different values of line

widths and light intensities in different samples. We modeled this system with parameters derived

from the experiments. The list of all parameters used is given in Tab.2.3.1. In Fig. 2.3c, we plot the

folding angle of the hydrogel sheet as a function of changing the width of the photoactive fold-line

under equilibrium conditions. Here, the folding angle is de�ned as the angle formed between the

two legs of the fold as shown in Fig. 2.3c (inset). The two curves correspond to the intensity values

of 235mW=cm2 and470mW=cm2. The symbols in Fig. 2.3c represent the experimental data and

the solid curves represent the corresponding theoretical �ts from the �nite element analysis.

Unlike the aforementioned �xed parameters, the intensity of the external light source is a con-

trollable parameter as it can be used to reversibly change the shape of the structures. Fig 2.3d plots

the folding angle of the hydrogel sheet as a function of the light intensity calculated for various

fold widths using the �nite element analysis. Therefore, by appropriately tuning the intensity of

the light source, we can allow our pre-designed structures to fold into the desired shapes on the �y.

Another advantage of such a system over conventional origami materials is that it is a single-layer



49

Figure 2.4: Controlling geometry by locally actuating each fold – a) A schematic representation
of a photo-active fold-line which can exist in one of three states +1, -1 or 0 which represents
light shone from above, light shone from below or no light shone, respectively. b) A photograph
of a hydrogel segment with 3 active fold-lines and can fold into 27 possible con�gurations. c)
Photographs and FE calculations of 7 of 27 possible con�gurations attained by locally actuating
each fold independently. In the experiments, it requires 30 min irradiation for the gel samples to
reach the �nal shapes and 1 h to relax in the dark to recover their initial states.

material which makes it easier to fabricate. Furthermore, these origami sheets can fold in either

direction depending upon the direction of light, thereby creating both mountain and valley folds.

To demonstrate the functionality, we constructed a structure with three active fold lines (see

[16, Appendix A1.6] for synthesis details). As shown in Fig.2.4a, any photoactive segment can

have three possible states depending upon the state of the external light source: light shone from
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the top labeled as +1 state, light shone from below labeled as -1 state, and no light shone labeled as

0 state. The advantage light offers here is that using light we can independently actuate each fold-

line. For a strip with three active fold-lines (Fig. 2.4b), there can be 27 possible con�gurations

and they can dynamically go from one state to another. Fig. 2.4c shows seven of the possible

attainable shapes and their corresponding numerical predictions. Please note that all these folding

shapes come from the same object, and it is the light sequence that was applied to the object

which induced the differences in folding geometries. This result highlights the recon�gurability

and versatility of our material, which is different from the bilayered spiropyran hydrogel system

previously reported by Li, Xue, Han,et al. [38]. The relative ease of fabrication of these devices

along with the high accuracy of numerical predictions can help us in creating advanced active

materials with a large variety of applications.

2.3.4 Exploring different modalities

The hydrogel sheet buckles into a folded structure due to the reinforcement from the blank gel. As

discussed before, the resistance of the blank gel to bending leads to the buckling of the hydrogel

sheets. However, the bending stiffness of a sheet can be controlled by changing its elastic modulus

or/and its thickness. Here we discuss the changes in the buckling pattern as the hydrogel sheet

is miniaturized; thereby decreasing the bending rigidity of the blank gel. As the blank gel is

made thinner, we see a mode where the photoactive region begins to develop a negative Gaussian

curvature pro�le. Fig.2.5 shows a400�m � 300�m rectangular sheet with a photoactive region

with a width of80�m . Fig.2.5a shows the case where we gradually decrease the thickness of this

sheet from10�m to 4�m in steps of2�m . We see the emergence of a negative Gaussian curvature

pro�le with decreasing thickness. However, this new mode disappears as we increase the elastic

modulus of the blank gel as shown in �g.2.5b. This demonstrates the role of blank gel's bending
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Figure 2.5: Bending rigidity of the blank gel - a) The emergence of negative Gaussian curvature
with decreasing thickness of the sheet of dimensions400� 300�m . Starting from left the thick-
nesses used are10�m , 8�m , 6�m and4�m . b) The negative Gaussian curvature pro�le (left)
disappears by increasing the elastic modulus of the blank gel (right). Thickness of the gel is4�m .
(The light is propagating in� z direction).

stiffness in the buckling of these hydrogel structures. Furthermore, the blank gel can be entirely

replaced with a set of boundary conditions and new patterns can emerge. For instance, recently

Xiong and Kuksenok [42] showed the emergence of wave-like patterns in an active hydrogel sheet

with constrained edges.

2.4 Conclusion

This paper focuses on the design of a light-responsive spiropyran hydrogel system that can dis-

play various dynamic shape changes using a single material upon irradiation with local light. The

origami patterned created could be erased in the dark and the materials could be re-used by ap-

plying a second irradiation sequence to create other origami shapes. This high dynamic property

makes our hydrogel different from previous systems. We design structures that display speci�c

buckling modes and discuss the synthesis details of these photoactive hydrogel structures. We

use a continuum polymer model to analyse the hydrogel behaviour by implementing polymer gel

elasticity theory and the hydrogel response to the light in the �nite element software COMSOL.
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Figure 2.6: Some of the buckling modes of a disk. a) 4-fold symmetric structure and b) 8-fold
symmetric structure. The colour bar represents the displacement of the disk in units of its radius,
R.

We verify our theoretical predictions against experimental results. Our modelling approach allows

us to explore various possible patterns in light-responsive hydrogels in different parameter-space

regimes. The photoactive hydrogel system and the theoretical model developed here provide the

guidelines to aid the development of more complex structures and devices.

2.5 Supplementary Information

Buckling modes of a circular disk

A full study of buckling modes of a disk is beyond the scope of this article. However, we did a

post-buckling analysis by ramping up the light intensity at different rates and got different modes

in which the disk can buckle. Figure 2.6 shows two of the many different modes that the disk can

buckle into. Fig. 2.6a shows the emergence of a 4-fold symmetric structure and �g. 2.6b shows an

8-fold symmetric structure.
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CHAPTER 3

CHEMICALLY CONTROLLED PATTERN FORMATION IN SELF-OSCILLATING

ELASTIC SHELLS

3.1 Abstract

Patterns and morphology develop in living systems such as embryos in response to chemical sig-

nals. To understand and exploit the interplay of chemical reactions with mechanical transforma-

tions, chemo-mechanical polymer systems have been synthesized by attaching chemicals into hy-

drogels. In this work, we design autonomous responsive elastic shells that undergo morphological

changes induced by chemical reactions. We couple the local mechanical response of the gel with

the chemical processes on the shell. This causes swelling and deswelling of the gel, generating

diverse morphological changes, including periodic oscillations. We further introduce a mechanical

instability and observe buckling-unbuckling dynamics with a response time delay. Moreover, we

investigate the mechanical feedback on the chemical reaction and demonstrate the dynamic pat-

terns triggered by an initial deformation. We show the chemical characteristics that account for the

shell morphology and discuss the future designs for autonomous responsive materials.

This chapter is primarily based on the published work [7] of Siyu Li, Daniel A. Matoz-Fernandez, Aaveg Aggar-
wal and Monica Olvera de la Cruz.
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3.2 Introduction

Chemical reactions are key components in morphogenesis and are essential to assemble mechano-

responsive materials with self-healing and adaptive properties [43]–[46]. In particular, the coupling

of chemical reactions with responsive gels has offered the possibility to create autonomous mate-

rials that convert chemical energy into mechanical energy [47]–[51] that resemble heart beating

dynamics. The design and synthesis of materials with biological functions is a challenge that in-

volves a delicate balance between structural shape and physiological function. During embryonic

development, for example, �at sheets of embryonic cells morph through a series of folds into intri-

cate three-dimensional structures such as branches, tubes, and furrows that build blocks for organs

that enable their proper function. Such shape-forming processes are driven by controlling chemical

and mechanical signaling events.

Man-made chemo-morph systems, however, are less common than the biological counterpart.

Only recently, recon�gurable soft robots have been proposed [52]–[54]. One of the main advan-

tages of soft materials is that they do not need mechanical parts; the motion is driven by external

chemophysical signals. Rhythmic swelling and contractions in response to chemical changes have

been observed [55]–[59]. The synergy between chemical interactions and locally directed forces

lead to selection rules for sizes and shapes that autonomously generate motion [8].

In chemo-responsive soft materials, the complex nature of microscopic interaction contributes

to a macroscopic morphology [3], [60]. The diffusion of reactants, for example, can in principle

elicit different responses due to mechanical deformation. As in morphogenetic processes, the �ow

of information is complex and relies on the interplay among all components. That is, chemically

generated stresses induce material deformation that in�uences the chemical regulators in a close

feedback loop [61]–[63]. Here, we introduce a model to study the shape dynamics triggered by au-
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tonomous chemical reactions in closed elastic shells. We focus on chemical changes that introduce

periodical hydration changes that prompt gel swelling.

We study autonomous gel membrane dynamics triggered by periodic reduction-oxidation reac-

tions that generate membrane hydration heterogeneities. Instead of considering two-dimensional

elastic models for mechanically heterogeneous crystalline small shells that buckled into polyhe-

dral [64], we consider thin membranes elasticity models that generate wrinkling by imposing the

metric [65], [66]. That is, in order to include the response to the chemical �eld on the membrane we

integrate the chemical �eld on a non-Euclidean shell elasticity models [67], [68] and in such way

investigate the local hydration impact on membrane morphological changes. We simultaneously

incorporate the chemical dilution due to stretching and dynamics associated with the deformed gel

and study the mechano-chemical feedback loop. We report a wide variety of morphologies and

oscillation behavior that indicates a robust mechanism for the future design of chemo-responsive

gels with desired functionality.

3.3 Chemical activated surfaces

We consider a chemo-responsive polymeric thin elastic shell of radiusR and thicknessh � L,

which is represented by a two-dimensional mid-surface smooth function with no overhangs. The

elastic response of the material is modeled using linear elasticity [69] and the chemically induced

swelling/shrinking is modeled using the so called `target metric' approach [70]. The target metric

approach models the swelling/shrinking behaviour of a 2D surface by changing its assigned metric

from an initial metric to a �nal or `target' metric. Under such a transformation, the total free energy

of the system does not change, which is consistent with the model of the hydrogels presented in

chapter 2 since a freely swelling hydrogel stays at a zero stress state. Fig. 3.1 shows a schematic

representation of this approach by demonstrating the case of a 2D square element that undergoes
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Figure 3.1: Schematic representation of the target metric approach by demonstrating the case
of a 2D square element that undergoes a chemically induced deformation followed by an elastic
deformation.

a chemically induced deformation followed by an elastic deformation. The elastic energy is only

associated with the difference between the target metric and the actual metric (andnotbetween the

initial metric and the target metric).

The elastic energy associated with the deformation of the mid-surface of the shell can be ex-

pressed as [67], [71],

Eelastic (g�� ; �g�� ) =
1
2

Z
d �A A ijkl uij ukl

+
1
2

Z
d �A

�
� (H � 2H0) 2 + 2� gG

�
: (3.1)

The �rst term in Eq. (3.1) represents the stretching energy, whereu�� = 1
2

�
g�� � g��

�
is the strain

tensor,g�� (g�� ) is the actual (target) metric tensor,d �A =
p

det �gdxdy is the target area element,

A ��
� is the elastic tensor, and summation over pairs of repeated indices is assumed. For an

isotropic material,A ��
� == Eh
1� � 2 (� �gij �gkl + (1 � � )�gik �gjl ), whereE is the Young's modulus and
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� is the Poisson ratio andg�
 g
� = � �
� . Moreover, the second term accounts for bending energy

with the mean curvatureH , spontaneous curvatureH0 and the Gaussian curvatureG associated

with � = Eh3=12(1� � 2) and� g = ( � � 1)� denote the bending and Gaussian rigidity respectively.

3.3.1 Autonomous oscillatory chemical reactions

Pattern formation is widespread in nature and our daily life, from the formation of animal skin

patterns to the design of material and robotics [72]–[75]. In particular, chemical pattern formation

is an important process in biology since it ensures the correct placement and development of tissues

within a body [76]. In general, pattern-forming systems can be classi�ed into non-autonomous and

autonomous (self-organized) patterns. Non-autonomous systems respond to environmental clues

and signaling such as chemical gradients. Autonomous chemical patterns, on the other hand, are

formed by a complex reaction-diffusion system that involves an activator (autocatalytic chemical)

and an inhibitor that slows down the production of the chemicals, which are coupled via a diffusion

mechanism for both species [77].

One of the most paradigmatic cases of oscillating pattern formation in gels is the Belousov-

Zhabotinsky (BZ) reaction [47], [56], [78]. The BZ reaction is a catalytic oxidation reaction of

organic acid by bromate anion. The particular choice of the acid, the organic species or the catalyst

give rise to diverse variations of the BZ reaction that involves numerous elementary steps. In

the simplest form, the diffusion-reaction system consists of �ve coupled reactions with both an

autocatalytic and a negative feedback loop steps that can be accurately modeled by the time-space

Oregonator model [79], [80] (See section 3.6.1 Eqs. 3.5 - 3.7).
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du
dt

= �D u � M u + u � u2 + fv
q � u
q+ u

dv
dt

= � (u � v); (3.2)

whereu is the activator, denoting the concentration of the reactant and andv is the oxidized

form of the catalyst; and the dimensionless variables� , q are de�ned through the rate constants and

the reservoir concentration. In addition, stoichiometric factorf depends on the organic chemistry

involved. Moreover, to ensure the existence of oscillations its value has to be in a certain range.

Finally, Du is the bromous acid diffusion coef�cient (see Table 3.2). Note that we have taken into

account that oxidized catalystv is moving together with the polymer gel [81].

3.3.2 Mechano-chemical shell dynamics

Following Ref. [66] we discretize equation (3.1) by triangulating the shell surface. We assume

overdamped Langevin dynamics and solve the set of �rst-order equations for the position of each

vertexr i and discrete metric of each triangleg�� ,


 _r i = �r r i Eelastic (g�� ; �g�� ) + � i (t) ; (3.3)

� i (t) 2 R3 is random noise obeyingh� i i = 0 and


� m

i (t) � n
j (t0)

�
=

p
2
k B T � ij � mn � (t � t0)

with m; n 2 f x; y; zg. Here,T is the temperature and
 is the friction coef�cient, which we as-

sume to be constant. All the mechano-chemical coupling is modeled through the target metric�g�� ,

that depends on the chemicals (v) embedded in the shell. Equation (3.3) is integrated numeri-
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cally using standard �rst-order Euler-Maruyama discretization scheme keeping connectivity of the

triangulation �xed. Finally, equations (3.2) are integrated numerically using discrete exterior cal-

culus operators in space for triangular meshes and explicit discretization in time (see section 3.6,

Eq. 3.11).

3.4 Dynamic shell morphology by active-chemical growth

Active structural remodeling To understand how shell morphology is affected by chemical-

induced stresses we �rst investigate mechanical pattern formation given by a conformal active

remodeling step,

�g�� = M �g��;t =0 ; (3.4)

whereM is the growth ratio (Fig. 3.2); in this way, the strain �eld is generated on the shell and it

buckles when the shell volume is kept constant. For smallM , the shells have spherical shapes with

no apparent morphological changes. As the target area increases, however, the shells are under

extensive compression where the elastic energy is accumulated until the symmetry is broken and

the residual stresses are released by the formation of folds and wrinkles [66], [82]. The undula-

tion wavelength is proportional to the thickness, which scales as the ratio of bending rigidity to

stretching rigidity.

Oscillatory mechano-chemical coupling. The previous example provides a clear path of how

to control morphological changes by induced strain �elds. In chemo-responsive polymeric shells,

such changes are autonomously controlled by the covalent nature of the catalystv bound to the

polymer gel [47], [51], [56]. As the chemical process changesv, the free energy of the hydrogel

changes instantaneously, thereby creating an instantaneous stress on the material. This chemically

induced stress is then gradually released by the surrounding solvent as the solvent molecules are
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Figure 3.2: An illustration of morphologies a spherical shell of thicknessh and radiusR as a
function of the growth ratio,M (Eq. 3.4). The morphologies are minimum energy (Eq. 1)
con�gurations that are calculated by gradually increasingM while keeping the total volume �xed.
For smallM , the shells maintain their spherical shape, however, as the growth ratioM increases,
the accumulated elastic energy of the shell (inset �gure) is released and the shell buckles to form
wrinkles on its surface. The color scheme of the plots represents the local mean curvature with
negative value on the concave faces and positive on the polyhedron edges. The inset �gure plots
total elastic energy,Eelastic as a function ofM for various shell thicknesses. The sharp kink in the
plot represents the buckling point.
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Figure 3.3: A. The plot of the average chemical concentration of reactantsu andv on the shell as
a function of time. The shell becomes more hydrophilic with an increasing value ofv, which leads
to swelling of the material. Similarly decreasing the value ofv leads to deswelling. B. Plot of the
shell area (A=A0) as a function of time. The plot depicts the direct correspondence between the
area ratios and the concentrationv.
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Figure 3.4: Heterogeneous shell dynamics with fast diffusive chemical reaction. A. Schematic
polymeric shell with non-uniform thicknessh. The spherical shell buckles inward as the polymers
become more hydrophilic. B. A comparison of buckling observed experimentally (left, pictures
obtained from Ref. [56]) with simulation results (right). The colors of the shell denote the value
of catalyst concentration, where yellow means oxidized state and orange represents reduced state
[56]. C. Plot of the catalyst concentration (v) and shell asphericity(h� R2i =hRi 2) as a function of
time. The plot demonstrates the time delay between the increase inv and the mechanical buckling.
D. A representation of stress distribution as a function of the polar angle. The shell is under
compression with negative stress and tensile with positive stress. The grey lines denote the stresses
from timet = 200 to t = 260 with incrementdt = 2, and the colored lines are representatives of
the second cycle undergoing the buckling transition.
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